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ABSTRACT
Criteria and implementation for the placement robot
manipulators with the objective to reach specified target points
are herein addressed. Placement of a serial manipulator in a
working environment is characterized by defining the position
and orientation of the manipulator’s base with respect to a
fixed reference frame.  The problem has become of importance
in both the medical and manufacturing fields, where a robot
arm must be appropriately placed with respect to targets that
cannot be moved. A broadly applicable numerical formulation
is presented. While other methods have used inverse
kinematics solutions in their formulation for defining a locality
for the manipulator base, this type of solution is difficult to
implement because of the inherent complexities in determining
al inverse kinematic solutions. The approach taken in this
work is based on characterizing the placement forcing a cost
function to impel the workspace envelope in terms of surface
patches towards the target points and subject to functionality
constraints, but that does not require the computation of
inverse kinematics.  The formulation and experimental code
are demonstrated using a number of examples.

INTRODUCTION
Robots are used in many diverse industries, some of

which require the end-effector to reach various targets.  The
placement of a serial manipulator arm such that it reaches all
targets is typically an iterative task where several locations and
various configurations are attempted until the “most
appropriate” position and orientation of the base (hereby
denoted the configuration of the base) is attained. The problem
of manipulator base placement is the subject of this work.

While criteria for placement of serial robot manipulators
may vary according to the task, size, and structure of the robot,
it is evident that the workspace defined by the volume of all
points touched by the end-effector plays an important role in
defining these criteria. A review of current methods and
reported research work in this area will first be conducted. In
general, there has been limited reports addressing placement of
manipulators because the subject has only recently arisen in
tasks that require robot functionality at various targets in the
robot’s workspace. Such applications include robot-assisted
surgery where the end-effector must reach a number of
anatomical points and where repositioning of the patient is
difficult to achieve.  Moreover, because of the pre-op planning
of surgical procedures and because of the large amount of work
necessary prior to entering the operating room, placement of
the robot must be done in offline simulations prior to physical
placement. Therefore, the choice of robot base placement
cannot be done in an iterative manner (trial and error) as is the
case for many manufacturing robotic tasks (although some
require a rigorous planning. Numerical, geometrical, and
optimization methods have been used by different authors.
While the literature is limited in this area because of only
recent emphasis on the problem, we present a concise review.

In a number of complimentary papers, a method for
determining the placement of manipulators to allow for the
optimization of multiple kinematic performance indices was
presented by Zeghloul and Pamanes-Garcia (1993), Pamenas
and Zeghloul (1991), and Pamenas, et al. (1991).  Similarly,
optimal placement for minimum time coordinated motion by
considering the slowest axis was reported by Feddema (1996;
1995).  The work culminated in an integrated system called
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SMAR for robot simulation (Zeghloul and Blanchard 1997).
The main difficulty of this work is the need to solve the inverse
kinematics problem to determine the reacheability of the end-
effector which presents computational challenges and limits
the flexibility and generality of the method.  More recently, the
same group augmented their work and reported an upgrade to
the method for placement of robots (Ji and Li 1999), where a
numerical algorithm and dialytic elimination method was
presented to identify the placement parameters for modular
platform manipulators.  The method was used to guide the
placement of the platform’s leg modules to obtain the most
effective configuration for a given task.

Others have defined criteria for placement with respect
to obstacles in the workspace (Roth 1991). Because large
forces are needed for some manipulator tasks, Papadopoulos
and Gonthier (1995) gave a maximization method to yield the
proper base positioning relative to a large-force quasi-static
task where redundant variables were used as optimization
parameters.

A different but related problem is the placement of robot
trajectories with respect to a robot arm location (Chou and
Sadler 1993), which can be considered as the inverse problem
of that treated here.  Also addressing this problem but for
cooperating arms, Hemmerle and Prinz (1991) incorporated
variables in the path constraints of the robot as a cost function
to be minimized and resulted in an unconstrained
minimization problem.  Similarly, Nelson, et al. (1987)
defined criteria to ensure that all assembly performances are
possible within the workspace while Vincent, et al. (1992)
defined trajectory-following algorithms using optimization
methods.

A simple geometric approach was proposed by Seraji
(1995) to determine the appropriate base locations from which
a robot can reach a stationary or moving target point.  The
numerical method was demonstrated for simple configurations
of robot manipulators such as the gantry type structure.

Tu and Rastegar (1993) used the Monte Carlo method to
address the problem of manipulator obstacle placement
problems (a different definition from the problem posed in this
paper). The shape of links of manipulators that are to operate
within geometrically specified enclosures were determined
where several obstacles may be present in the enclosure. The
problem was solved by defining weighted distributions for the
task and/or obstacle spaces and weighted allowable link
shapes.

In previous results (Abdel-Malek 1996), we have used
the notion of a workspace to cover a service sphere for a class
of manipulators that can be treated in two independent
structures (arm and wrist).  In this paper, we present a
numerical formulation based on the concept of impelling the
workspace towards the inclusion of target points inside surface
patches of the workspace envelope.

A general distance cost function used to impel the
boundary towards the target points will be introduced and

constraints on the workspace and the robot in terms of joint
limits will be drawn. This method relies upon a closed-form
identification of surface patches on the boundary to the
workspace, whereby the resulting equations are included in the
problem formulation, also presented in this paper.

Problem definition: Given a robot arm with known dimensions
and joint ranges located at O0 and given a set of target points

defined in space p( )i ; i =1,...,l, it is required to locate and
orient the base robot arm such that all target points are
reached. Variations of this problem (e.g., placement of the base
for achieving maximum dexterity and placement to include as
many target points as possible are also of significant interest
and will be addressed in future work).

The proposed method is characterized by the following steps.
(1) Determine the envelope of the manipulator’s workspace in

terms of closed-form equations of surface patches.
(2) Define distance cost functions to impel the envelope

towards achieving reacheability of specified target points.
(3) Establish appropriate constraints such that the target

points will be enclosed by the workspace, and embedded a
specified distance inside the volume.

(4) Numerically solve to calculate an appropriate placement of
the workspace boundary.

(5) Define the new configuration of the base as the origin and
orientation of the moved workspace envelope.

CLOSED-FORM WORKSPACE BOUNDARY
Using a systematic formulation for obtaining the

coordinates of a point on one of the manipulator’s links, e.g.,
the Denavit-Hertenberg representation method (Denavit and
Hartneberg 1955), a position vector generated by a point on the
end-effector of an n-DOF arm is expressed by

F( ) ( ) ( ) ( )q q q q= x y z
T

(1)

where q R= ³q q qn

T n
1 2, ,...,  and F( )q R∈ 3

characterizes the set of all points that belong to the workspace.
A convenient parameterization of constraints imposed on q
was presented such that joint inequality constraints

q q qi
L

i i
U≤ ≤  are given by

q q q q q( ) ( ) [( ) ]sinl l= + + -
U L U L2 2 (2)

where qU U
n
U Tq q= [ ... ]1  and qL L

n
L Tq q= [ ... ]1  are

the upper and lower joint limits, respectively,  and

l = [ ... ]λ λ1 n
T  are the new variables that have been

introduced by adding as many equations as the number of
variables without reducing the dimensionality of the problem
(l  are usually called slack variables in the field of
optimization).

Singular surfaces/curves comprising the workspace were
analytically determined by studying the Jacobian for the 3-
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DOF manipulator (Abdel-Malek and Yeh 1997) and of the 5-
DOF manipulator (Abdel-Malek, et al. 1999).  For the set
F( )q , rank deficiency criteria are applied to the Jacobian
denoted by

Fq = ∂ ∂Φi jq  ; i =1 3,...,  and j n=1,..., (3)

An expression for the velocity at any point in the workspace is
obtained by deriving F( )q  with respect to time as
& &F F l

l
= qq (4)

where the terminology q q
l

l= � �  and &l l= � �t . Using
the Implicit Function Theorem, it was shown (Abdel-Malek, et
al. 1999) that the manipulator is at a singular configuration

qo  when the rows of F
lqq  are dependent and there exists a

set of constants No

T= γ γ γ1 2 3  that satisfy

F
lqq N 0

T

o = (5)

where No  is the vector normal to a singular surface at qo .

Three rank deficiency conditions were derived to

delineate singular sets, denoted s( )i ; i w=1,..., , where w is
the number of singular sets resulting from applying the rank

deficiency criteria. It should be noted that s( )i  may have joint
coordinates that are functions of other coordinates. It was

shown that substituting s( )i  into F( )q  yields x ( ) ( )( )i iu
where u( )i  is the new vector of generalized coordinates such
that

x F( ) ( ) ( ) ( )( ) )i i i iu u s= ( , (6)

where s( )i and u( )i  may or may not have common terms since

s( )i  may contain variables that are defined as functions of
other variables and are obtained by solving a set of analytic

functions called varieties (Lu 1978 and Spivak 1968), and x ( )i

characterizes the equation of a singular surface. Furthermore,
surface patches in closed-form on the boundary of the envelope

are a subset of Eq. (6) defined as x ( ) ( )( )i iu ; i m=1,..., ,
where m is the number of patches enveloping the workspace.
Let [x y z] be the global reference frame and let
Oo o o o:[ ]x y z  be the coordinate system associated with

the base (i.e., the first coordinate system of the DH frames) and
that is initially coinciding with the global coordinate system.

h x= = � �
( ) ( ) ( ) ( ) ( )( ); ,...,i i

La
i i

Ua
ii mu u u u   for 1= B  (7)

where m is the number of surface patches on the boundary,

u La
i( )  and uUa

i( )  are the new lower and upper limits, respectively,
of the surface patch,  and h  characterizes the envelope of the
workspace.

COORDINATE TRANSFORMATION
Consider the initial configuration of the base coordinate system
[ ]x y zo o o  located at the origin O0 of the global

coordinate system [ ]x y z .  Effecting a translation and a

rotation on the base of the manipulator will move the triad
[ ]x y z0 0 0  to a new location O1 with coordinates
[ ]x y zw w w  and a new orientation defined by a set of
Euler angles ( )α β γ  such that the workspace encloses
the two target points as shown in Fig. 1.

O1

Target points

O0

y

z

Fig. 1 Workspace after moving to include the target points

The vector w = [ ]x y zw w w
Tα β γ , therefore,

defines the translation and rotation of the new triad
characterizing the configuration of the workspace, hence the
configuration of the base. Motion of the workspace to the new
local will be tracked using these six coordinates where a
rotation matrix R and a position vector v, are defined as

v = [ ]x y zw w w
T  (8)

and

R( , , )

cos cos cos sin sin sin cos cos sin cos sin sin

sin cos sin sin sin cos cos sin sin cos cos sin

sin cos sin cos cos

α β γ
α β α β γ α γ α β γ α γ
α β α β γ α γ α β γ α γ

β β γ β γ
=

- +

+ -

-

�

!

 
 
 

"

$

#
#
#

 (9)
Since the envelope of the workspace is defined by position

vectors x ( ) ( )( )i iu , i m=1,..., , the transformed vector
characterizing each surface patch on the workspace boundary,
defined as a function of the 6 coordinates is given by

Y x( ) ( )( , ) ( , , ) ( ) ( , , )i i
w w wx y zw u R u v= ⋅ +α β γ

The aim of this work is to determine the vector w  that defines
the new position and orientation of the workspace envelope
after moving to a new configuration whereby enclosing the
specified target points.  The formulation that follows is
developed to set forth the conditions for calculating a new
configuration of the base via impelling the workspace towards
the target points.

EXISTENCE OF TARGET POINTS IN THE
WORKSPACE

In order to create a robust computational algorithm for
impelling the workspace towards the target points, a criterion
for establishing whether a point is insider the workspace must
be defined.  Four methods have been investigated and we have
selected the optimum based on simplicity and robustness.
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We proceed with presenting the Limit method. Consider a
target point p with coordinates ( , , )x y zP P P  in the space and
a given workspace envelope h  of a given robot manipulator.
In order to insure that the target point will be located within
the workspace volume, we define minimization distance
constraint such that the distance between the target point p and
the workspace is minimized.

d x x y y z zP P P= - + - + -min ( ( )) ( ( )) ( ( ))q q q2 2 2   (11)

If d = 0 0. , the target point p is inside or on the boundary
of the workspace.  The translated and rotated workspace is
given by G F( , ) ( , , ) ( ) ( , , )w q R q v= +α β γ x y zw w w .

Therefore, for a number of target points p( )i  and for every
point in the workspace defined by F( )q , this condition is
defined as

min ( , )( )p w qi − =G 0    for i =1,...,l (12)

where there are l  target points.

CRITERIA FOR IMPELLING THE WORKSPACE
To ascertain that p is inside the workspace, additional
conditions are needed.  The absolute value of the distance
between a target point and the boundary should be greater than
a specified value ε . This will guarantee that the target points
are pushed towards the inside of the workspace. The distance

between all target points p( )j  and all surface patches Y( ) ( )i u
should be greater than a specified minimum value such as

p u w( ) ( ) ( )( , )j i i
j− ≥Y ε ;  j =1,...,l  ; i m=1,...,  (13)

where ε j > 0 are specified constants. If a target point satisfies

both conditions of Eq. (4) and (5), then this point is internal to
the workspace (i.e, have placed the workspace in a
configuration such that all points are covered by the
workspace.

Two steps characterize this procedure: (1) The workspace must
be impelled towards the specified target-points. (2) The
distance between the target-points and the workspace must
satisfy specified constraints.  In order to impel the workspace
towards the target points, it is necessary to define a cost
function, either to be minimized or maximized.

Consider two target points p( )1  and p( )2  and two

surface patches enveloping a workspace defined by x ( )1  and

x ( )2 . In order to impel the workspace toward the two points,

one possible criterion is to minimize the distance between p( )1

and x ( )1 , similarly between p( )1  and x ( )2 , between p( )2  and

x ( )1 , and finally between p( )2  and x ( )2 .  For l  target points
and m surface patches, the problem is posed as a constrained
optimization problem where the cost function is defined as

D i i j

ji

m

( , ) min ( , )( ) ( ) ( )w u w u p= −
�
! 

"
$#==

∑∑ Y

11

l

   (14)

Subject to the constraints defined above and repeated as
follows:
(1) Workspace envelope at least covering the target points

(shortest distance between target points):

gi
i≡ − ≤min ( , )( )p q wG β    for i =1,...,l (15)

where β  is a very small positive number and subject to the
inequality constraints on joint limits as

q q qk
L

k k
U

� �    for k n=1,..., (16)
(2) Embedding the target points inside the workspace volume

(a minimum distance between target points and surface
patches).

gk
j i

j≡ − ≥p u w( ) ( ) ( , )Y ε     for  i m=1,...,  and

j =1,...,l , k m= �1,..., ( )l (17)

where ε j  is the depth of the target point inside the

workspace volume.
There are l l+ � +( )m n  total number of constraints.

A second cost function can be defined by considering
the distance of every target point from the centroid of the
workspace (recall that the centroid can readily be calculated in
this case because of the closed-form equations of the
boundary).  Indeed, a second cost function is defined as

min ( )( ) ( )
x

c i

i

w p−
�
! 

"
$#=

∑
1

l

  (18)

x ( ) ( , , )c
c c cx y z=  are the coordinates of the centroid of the

workspace boundary.

CALCULATION OF BASE PLACEMENT
Because of nature of this problem numerical methods

are best suited.  The reader must remember that this
formulation although resembles an optimization problem
aimed at obtaining the best placement, it is not.  The aim is to
define a new configuration for the manipulator base such that
all target points are included.  As will be shown in this section,
several sub-problems utilize optimization methods to obtain a
solution, but the general problem will focus on obtaining a
single configuration where all target points are reached.
 Since at first target points are not within the workspace
envelope, condition (7) is usually violated. Therefore, an
iterative method for obtaining a solution to the above
constrained optimization problem is implemented (Arora
1989).  Three types of constraints exist. Let gi ( )u  denote
constraints defined by Eqs. (7-9) as

(a) Inactive constraints:  gi ( )u <-θ 1, where θ 1 0>  is
a small tolerance in the neighborhood of zero.
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(b) Active constraints: θ θ1 2� �gi ( )u , where θ 2 0>
is a small number in the neighborhood of zero.

(c) Violated constraints: gi ( )u >θ 2

Before initiating the algorithm, most of the constraints of Eq.
(15) are violated and most of the constraints of Eq. (17) are
inactive. In order to obtain a viable configuration, we will
initiate an iterative procedure, where for each iteration, two
independent constrained optimization problems (Eqs. 15 and
17) are solved to obtain a new set of variables w.  The step
value and direction are obtained using a commercial package
and used in this iterative procedure.  The following searching
method is implemented:
1. Let k = 0, start from the initial point Oo , the

origin of the global coordinate system (recall that
initially the global coordinate system coincides
with the local coordinate system). Let k = k + 1
and proceed.

2. At an initial configuration w ( )0 , evaluate the cost

function D k( , )( )w u0 1−  and the constraints

gi
k( , )( )w u0 1− , calculate the gradients of the

cost function D and the constraints g using the
finite difference method.

3. Calculate a search direction tk .  This step is
called upon as a subroutine from a commercial
optimization code called DOT (DOT 1999). If
there is one or more violated constraints, direction

t
k is determined from 

      min( ( , ) )( )Grad D Ak T kw u0 1− −t α (19)

where A is a scalar and subject to the following constraints

      Grad g Ai
k T k

i( ( , ))( )w u0 1 0− + ≤t β (20)

      ( )t t
k T k A+ ≤2 1 (21)

where a  is a large positive number, A is a variable and

β θi i
kg= + −( . ( , ) )( )10 0 1

1
2w u .

If there are no violated constraints, the searching direction

is determined as tk  by:

min( ( , ) )( )Grad D k T k w u0 1−
t (22)

where Grad gi
k T k( ( , ))( )w u0 1 0− ≤t   and

( )t t
k T k

�1. If there are no active or violated

constraints, then let t k kGrad D= − −( ( , ))( )w u0 1 .

This itself is a simple constrained optimization problem
with a cost function given by Eq. (15) subject to the
inequalities of Eq. (16), where the optimum solution are
distances (between target points the workspace volume).

4. Perform a one-dimensional search for

D Dk k k( , ) ( , )( ) ( )w u w u0 0 1= + ⋅− ω t  (23)

subject to g gi
k

i
k k( , ) ( , )( ) ( )w u w u0 0 1= + ⋅− ω t (24)

such that a step size ω  is selected to minimize

D k( , )( )w u0  and g k( , )( )w u0 .

5. Set u uk k k
= + ¼

-1 ω t  If criteria (6) and (7) are
satisfied, then terminate the process, otherwise go to step
2.

EXAMPLE 1: A 2-DOF ILLUSTRATIVE EXAMPLE
Consider the simple manipulator shown in Fig. 2a.  The
manipulator comprises a prismatic joint and a revolute joint

and target points are specified at p ( ) ( , )2 11 6= −  and

p ( ) ( , )2 11 16= − , i.e., l = 2 . Coordinates of the point P

located at the tip of the manipulator’s end-effector can be
written as

F( ) cos sinq = +5 52 1 2q q q
T

(26)

with manipulator joint limits imposed as − ≤ ≤2 21q  and

− ≤ ≤50 2402
o oq .  It can be seen that the workspace of the

manipulator is generated by the sweep of a segment of a circle

5 52 2cos sinq q
T

 along a vertical line 0 1q
T

.  The

manipulator Jacobian can be written as

Fq =
−�

! 
"
$#

0 5

1 5
2

2

sin

cos

q

q
; q

l
=

�
! 

"
$#

2 0

0 195 180
1

2

cos

( ) cos

λ
π λ

(27)

Rank deficiency criteria applied to F
lqq  yield 10 singular

sets. Substituting each singularity into Eq. (16) yields two

curves x x( ) ( )1 2 and  shown in Fig. 2b. Similarly, substituting

all other limits yields curves x x(3) (6) to .  Those segments

that are inside the boundary are removed and the boundary to
the manipulator workspace is shown in Fig. 2c.

P

q1

q2

(a) (b) (c)

ξ(3)

ξ(2)

ξ(4)

ξ(5)
ξ(1)

ξ(6)

Fig. 2 (a) A planar 2-DOF manipulator (b) Singular curves (c)
Workspace envelope

For example, some of the boundary curves are redefined in
terms of their curve segments as:

x ( )1  (at q q L
1 1= ) for π � �q o

2 240

x ( )2  (at q2 = π )  for - � �2 21q
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Therefore, there are m = 10  curve segments that characterize
the workspace envelope. Implementing the numerical
algorithm presented above such that the workspace is impelled
towards the target points with the generalized variables

w = [ ]x yw w
Tα , the initial and final configurations are

presented in Table 1.

Table 1: Initial and final configuration of the base
Vrbls xw yw

a

Initial 0.00 0.00 0.00
Final 8.180 -10.460 -2.700

Figure 3 depicts the trace of the origin of the coordinate frame
embedded in the manipulator’s base and Fig. 4 depicts the
initial and final configurations of the manipulator.

x

y

q2

q1

Oo

O1

α

Fig. 4 (a) Placement of the workspace subject to reacheability
criteria (b) Corresponding manipulator placement

Example 2: A 3-DOF Spatial Manipulator

Consider the 3-DOF manipulator arm shown in Fig. 5 with
imposed joint limits as 0 3 21� �q π / ,
- � �2 3 2 32π π/ /q , and - � �2 3 2 33π π/ /q .

x0 

z1

z0

q1

q2

q3
z2

y0 

Fig. 5 A 3-DOF manipulator
A point on the end-effector is characterized by the position
vector

F( )

cos cos cos cos cos cos sin sin

cos sin cos cos sin sin sin sin

sin cos sin cos sin

q =
+ −
+ −

+ +

�

!

 
 
 

"

$

#
#
#

10 5 5

10 5 5

10 5 5

1 2 1 2 3 1 2 3

2 1 2 3 1 1 2 3

2 3 2 2 3

q q q q q q q q

q q q q q q q q

q q q q q

   (28)

Rank deficiency criteria applied to F
lqq  yield a total of seven

singular sets, which when substituted into Eq. (30) yield seven
surfaces. Surfaces due to the singularities

q o o
3 0 120 120= −, ,  and  are shown in Fig. 6b.  Surfaces

due to the singularities q o
1 0 270=   and   are shown in Fig.

6c. Surfaces due to the singularities q o o
2 120 120= −  and 

are shown in Fig. 6d.
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Fig. 6 Singular surfaces of the 3-DOF manipulator
The complete workspace is shown in Fig. 7.
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Fig. 7 Workspace of the 3-DOF manipulator
The boundary envelope of the workspace consists of eleven
surface patches, some of which are listed below

Target points
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x ( ) { }1
3 0at q = , 0 3 21� �q π / , − ≤ ≤π π/ /2 22q

x ( ) { }2
3 0at q = , π π/ 2 1� �q , 2 3 22π π/ /� �-q

The centroid of the workspace is located at the
coordinates x =-126336. , y = 2 52671. , and
z = 0 0. . Three target points are specified at
p1 10 27 5 4 33= −( , . , . )  ,

p2 18838 23838 4 33= −( . , . , . )  ,

p3 18838 23838 4 33= ( . , . , . )  .  Boundary surface

patches are identified and shown in Fig. 8.
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Fig. 8: x ( )1 , x ( )2  ,x ( )3 , x ( )4  ,x ( )5 , and x ( )6

The configuration of the base is described by the vector

w = [ ]x y zw w w
Tα β γ .  Calculation results are

presented in Table 3 and Fig. 9 shows the trace of the position
of the manipulator base. Figure 10 illustrates the configuration
of the original workspace, the position of the three target
points, and the calculated new configuration, thus defining the
new placement of the manipulator.

Table 3: The original and new base coordinates (angles are in
radians)
Vrbls xw yw zw

a b g

Initia 0.00 0.00 0.00 0.00 0.00 0.00
Final 9.05 17.71 -1.19 0.00 0.08 0.44

  
Fig. 10 Illustration of example 3

CONCLUSIONS
A broadly applicable numerical formulation for

placement of serial robot manipulators in an environment with
the aim to reach specific target points has been presented.
Placement of robot manipulators has been, until now, a trial
and error task whereby experience and rules of thumb were
used. The motivation for such work stems from a need for
accurately placing robots with respect to targets that cannot be
relocated (such as a patient in a operating room), or near
targets that are predefined and cannot be relocated (such as
heavy large-scale assembly cells).

It was shown that rank deficiency criteria reported
elsewhere can be used to delineate surface patches in closed
form and that are boundary to the workspace volume.
Placement of the manipulator is performed by impelling the
workspace towards the target points and subject to a set of
constraints to ascertain reacheability of the end-effector.  The
benefits of this method are characterized by its ability to place
manipulators without the necessity to calculate the position
inverse kinematic problem.  It was also shown that
manipulators with regions inside the workspace that cannot be
accessed are herein addressed and do not present any
difficulties.  A number of examples are illustrated.
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