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Abstract

An analytical method is presented to obtain all surfaces en-
veloping the workspace of a general 3-DOF mechanism. The
method is applicable to kinematic chains that can be mod-
eled using the Denavit-Hartenberg representation for serial
kinematic chains or its modification for closed-loop kinematic
chains. The method developed is based upon analytical crite-
ria for determining singular behavior of the mechanism. By
manipulating the Jacobian of the underlying mechanism, first-
order singularities are computed. These singularities are then
substituted into the constraint equation to parameterize singu-
lar surfaces representing barriers to motion. Singular surfaces
are those resulting from a singular behavior of a joint gen-
eralized coordinate, allowing the manipulator to lose one or
more degrees of mobility. These surfaces are then intersected
to determine singular curves, which represent the manipulator
losing at least two degrees of mobility. Difficulties in sepa-
rating singular behaviors at points along singular curves are
encountered. Also, difficulties in computing tangents at the
intersections of singular curves are addressed. These difficul-
ties are resolved using an analysis of a quadratic form of the
intersection of singular surfaces. An example is presented to
validate the theory. Although the methods used are numerical,
the main result of this work is the ability to analytically define
boundary surfaces of the workspace.

1. Introduction

Analytical criteria for determining workspaces of simple
general 3-DOF manipulators were discussed in Abdel-
Malek (1994). Difficulties were encountered in using
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marching methods for tracing parametric curves of a pair
of intersecting singular surfaces and in computing tan-
gents at the intersections of singular curves (bifurcation
points). Singular surfaces were shown to be those sur-
faces representing the manipulator losing one or more
degrees of mobility. Singular curves are curves resulting
from the intersections of singular surfaces. Although the
method is general, difficulties were also encountered in
partitioning singular surfaces to a number of subsurfaces.
These difficulties are addressed in this article.

Some of the earliest studies on the subject of manipu-
lator performance in terms of workspace were conducted
by Vinagradov et al. (1971), where the term “‘service
sphere” was introduced. A study of the relationship
between the kinematic geometry and manipulator per-
formance including workspace was presented by Roth
(1975). A numerical approach to this problem was for-
mulated and solved by Kumar and Waldron (1981) via
tracing boundary surfaces of a workspace. Tsai and Soni
(1981) studied accessible regions of planar manipulators,
while Gupta and Roth (1982) studied the effect of hand
size on workspace analysis. Pennock and Kassner (1993)
presented a numerical algorithm for the general study of a
planar 3-DOF manipulator.

Recently, Haug et al. (1994) formulated numerical
criteria to find the workspace (so-called accessible out-
put set) of a general multi-degree-of-freedom system
via the study of a row-rank deficiency of its Jacobian.
The algorithm computes tangent vectors at bifurcation
points of continuation curves that define the bound-
ary of manipulator workspaces. A cross-section of
the workspace is performed, and boundary continua-
tion curves are traced. The method was demonstrated
for a closed-loop mechanism called the Stewart Plat-
form (Qiu et al. 1995), where continuation curves are
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evaluated on the exterior boundary of the workspace.
These curves are then assembled into a mesh that is en-
veloped by appropriate surface patches. This method
has proved efficient for determining the general shape
of the workspace. The main difficulty is in determining
the status of a singularity at points along continuation
curves. Singular behavior occurring at points along

the curves is not identified. In addition, this method is
completely numerical and does not result in analytical
surfaces bounding the workspace. The initial criteria for
this computational method were presented by Haug et
al. (1992) and Wang and Wu (1993). More recently, an
algebraic formulation to determine the workspace of four-
revolute manipulators was presented by Cecarelli and
Vinciquerra (1995). The benefit of this method is shown
in using the ability to determine holes and voids in the
workspace.

Since the dexterous workspace is a subspace of the
workspace, it is relevant to list some of the works that
deal with this area of research. The dexterous workspace
of a manipulator as defined by Kumar and Waldron
(1980) is a subspace of the workspace within which a
vector on the end effector may assume all orientations.
Dexterity was also studied by Lai (1986) and Lai and
Mengq (1988), where the dexterous workspace was theo-
retically defined for a special case of manipulators with
wrists having a full range of orientations. Numerical cri-
teria for mapping dexterous charts depicting all possible
orientabilities at a target were addressed by Abdel-Malek
(1994). Manipulator dexterity was studied by Yang and
Lee (1983), Yang and Lai (1985), and Emiris (1993).
Studies of workspace and dexterity of parallel manipu-
lators are reported by Agrawal (1990) and Gosselin and
Angeles (1990).

The objective of this article is to analytically deter-
mine the surfaces enveloping the workspace of a defined
point in a 3-DOF mechanism. Difficulties encountered
in tracing parametric singular curves resulting from the
intersection of two singular surfaces will be addressed.
These singular curves will be shown to partition singular
surfaces into a number of regions called subsurfaces. Sub-
surfaces will be shown to exist either entirely inside the
workspace, or entirely on the boundary of the workspace.
Often times, the intersection of two singular surfaces re-
sults in more than one singular curve. These curves may
intersect at a point called the bifurcation point. An exam-
ple is presented in detail to demonstrate the methodology.
The method is general, and has been implemented into a
computer program.

2. Characterization of Singularities

A constraint equation for a point on a mechanism (with
open or closed kinematic chains) can be represented

by writing a kinematic constraint vector function as
®: R™ — R! such that the constraint equations are

D2(q1, 92, 93) (h

D3(q1, 92, 93)

®1(q1. 92, 53)
P(q) = } =0

where q = [q1, 2, @’ € R? is the vector of generalized
coordinates used to characterize the configuration of each
link of the mechanism. For an open kinematic chain, the
Denavit-Hartenberg representation method can be used
(Denavit and Hartenberg 1955). For muitiloop kinematic
chains, a modified Denavit-Hartenberg representation
method, called the K-K method (Kleinfinger 1986), can
be used. Let the vector x characterize the position of a
point w on the end effector of a manipulator. Then the
entire set of points touched by w is defined by

x(q) = “R3(q)’x, + °p3(@) )

where 3x,, is the vector describing a point resolved in
the reference frame of link 3, °Rj is the rotation matrix
between link O and link 3, and pj3 is the position vector
from the reference frame to the origin of link 3. For a
given configuration of the manipulator, the generalized
coordinates satisfy independent holonomic kinematic
constraint equations of the form

®(q) = x — "Ry °x,, = p3 =0 3

To impose joint limits of the actuators in terms of the
generalized variables, it is possible to transform a con-
straint of the form

@ <g<qg™  i=123 @)

_ into an equation by introducing a new generalized coordi-

nate J;, such that the inequality constraint of eq. (4) can
be rewritten as
q; = a; + bl sin /\,‘ (5)

where a; = (¢™* + ¢"")/2 and b; = (¢"™* + ¢P'")/2 are
the midpoint and half-range of the inequality constraint
(Haug et al. 1994). Thus each constraint is parameterized
as

q = b +csin) (6a)
@ = by +casiny (6b)
g3 = by + c3sin A3 (6¢)

The combination of three joints, coupled with a mech-
anism’s joint limits, may result in a complex workspace.
To analytically find expressions for the boundary surfaces
of this set, it is necessary to determine (1) singular sur-
faces due to first-order singularities associated with the
set, (2) singular curves that partition singular surfaces to
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subsurfaces, and (3) which of these subsurfaces are on
the boundary. When determining singular curves, in many
instances it is necessary to compute a multiple of curves,
some of which are intersecting. The problem of tracing a
multiple of curves is addressed using continuation meth-
ods and computing tangents at bifurcation points.

2.1. First-Order Singularities

A first-order singularity defined in the context of this ar-
ticle is the value of a generalized coordinate that makes
the Jacobian singular, i.e., that has no inverse if the ma-
trix is square, and is row-rank deficient if the matrix is
not square. Singularities defined by p; are the generalized
coordinates at which the manipulator loses one or more
degrees of mobility. First-order singularities commonly
fall into two categories (McKerrow 1991):

1. workspace-internal singularities, which occur within
the workspace of the manipulator (e.g., when two or
more axes line up); and

2. workspace-boundary singularities, which occur at
joint limits (e.g., with an arm fully retracted to the
inner boundary of the workspace).

First-order singularities are computed by equating the
determinant of the Jacobian of the mechanism to zero and
then computing the roots. The constraint Jacobian of the
constraint function $(q) for a certain configuration q’is
the 3 x 3 matrix

od;
Bq(q") = {E(q%] (N
J

For systems with more than three degrees of freedom,
this condition can be broadened to a row-rank deficiency
of the Jacobian, since it is not square. The Jacobian with
respect to the new coordinates A = [A; A2 A3] can be

written as
_ 64)1 aq]
 9g; dx,

Singularities are determined by equating the determinant
of @, to zero such that

Dy = dqyqa (8)

F(X) = [$qqa| =0 )]

When substituting a value for one of the generalized co-
ordinates in the constraint equation, the resulting function
describes a parametric surface (two parameters) called

a singular surface. To parameterize singular surfaces,
first-order singularities are substituted into the constraint
equation. Determining the roots of F()) and substituting
the results into eq. (2), a set of first-order singularities
;i = 1,...,m) is generated, where y; is the generalized
coordinate consistent with the roots of F(A) = 0, and m is
the total number of singularities.
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Substituting each singularity into eq. (2) results in a set
of parameterized singular surfaces X4 () such that
X)) = [x () X2 (p2s - -+, X () (10)
where 7 = 1,...,m. Singular surfaces are two-
dimensional in three-dimensional space, generated by
having one of the generalized coordinates be a constant (a
singularity).

2.2. Second-Order Singularities

Singular surfaces generated by eq. (10) are barriers to
end-effector motion. These surfaces may exist inside the
workspace, on the outer surface, or they may extend to
be both internal and external to the workspace. Singular
surfaces may intersect each other, resulting in intersection
curves called singular curves. These curves between sin-
gular surfaces determine a different type of singularity,
which divides a singular surface into a number of subsur-
faces. The set of generalized coordinates (two constant
generalized coordinates) resulting from this intersection
are called second-order singularities. In the analysis that
follows, it will be necessary to determine these curves
and their intersections. It will not be necessary, however,
to determine the value of the second-order singularity.
Pairs of surfaces are intersected such that
X)X (u;) =0 fori#j (11
These surfaces can be written in terms of their respec-
tive parameters. For example, if p; = 3 then x*(y;) is
parameterized as X'(q1, q2), and if p; = g7 then x7(u;) is
parameterized as X’(g. g3). Eq. (11) can be rewritten as
x'(q1, @) — X (@2, ;3) = 0 (12)
and to eliminate any confusion, the parameters g, and g3
in x7(g2, g3) are replaced by t; and ¢, such that
x'(q1,q2) — X/ (1, t2) = 0 (13)
The problem of numerically determining the intersec-
tion curve is complicated when several curves exist. In
many cases, singular surfaces are parameterically similar
(e.g., two perpendicular intersecting cylindrical surfaces
of equal radii will result in two intersection curves). In
addition, most numerical algorithms require the estima-
tion of a starting point on or close to the solution curve.
Muellenheim (1991) has presented an iterative method for
calculating a starting point which is close to a solution
curve. Wilf and Manor (1993) have presented a method
using a modification of Levin’s ruled-surface parameter-
ization scheme, guided by invariant-factors classification
and, furthermore, by factorization of the parameterization
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polynomials. In this article, the Moore-Penrose pseudo-
inverse is used to estimate an initial point on a curve of
intersection.

The curve is traced using a marching method (Pratt and
Geisow 1986). The algorithm requires a vector-tangent di-
rection to compute marching parameters. These numerical
methods, however, do not address the status of higher-
order singularities at bifurcation points. The problem of
determining the behavior at singular points will be shown
to reduce to a study of the system’s eigenvalues by study-
ing the curve’s curvature. The eigenvectors are then the
tangent directions at a bifurcation point.

We are seeking solutions to the intersection of two
singular surfaces x'(q1,¢2) and x*(uy, uz) subject to in-
equality constraints, such that a constraint function of eq.
(3) can be augmented as

x'(q1, @2) — X3(¢1.12)
q1 — @) — az sin X
g — by — bysin Az
ti—cy —cpsin Az
tz — dl - d2 sin /\4

H(s) = =0 (14)

where s is the extended vector defined as

s=[q @ t t A A A M 17. Since the
Jacobian of H(s) is not square, the problem of obtaining
an initial solution can be solved using the Moore-Penrose
pseudo-inverse (Allgower and Georg 1990). The new
generalized coordinates are calculated by evaluating

As = H;(-H) (15)

where H? is the Moore-Penrose pseudo-inverse of the
Jacobian Hg = [0H;/0s;]), defined by

H; = H,"HH,)™ (16)
This method converges within a few iterations without
adding any new constraints (Allgower and Georg 1990).
Once a starting point is found, the intersection curve

is traced along the tangent direction by using the so-
called marching method (Pratt and Geisow 1986). The
tangent vector at the starting point can be computed by
calculating the cross-product of two normal vectors. At

a known point on the surface x!(q1, q2), there are two
linearly independent tangents which are the derivatives of
the surface with respect to its parameters. Let x;l denote
the derivative of x! with respect to gi, and xéz denote the
derivative of x! with respect to g. The cross-product of
these vectors results in a normal to the surface such that

n' = (x}, % x},)/1Ixg, X Xg,l a7
Similarly, the second surface has a normal such that
n? = (2, x x2)/[1x2, x xg, | (18)

current point

intersection curve

Fig. 1. Geometric interpretation of the step-marching
procedure.

and the tangent 7 is computed as

T =n'xn (19)
The new step-constraint equation can be written as
(x'(q1, g2) —x°) T —c=0 (20)

where x° is the computed point, and c is the step-size.
The geometric interpretation of the step-marching proce-
dure is shown in Fig. 1.

Although this method will converge, it is possible
to find only one starting point, and thus only one cor-
responding branch of intersection will be traced. To
determine other intersection branches, it is necessary to
study singular behavior along the curve. Allgower and
Georg (1990) suggest monitoring the curve for a change
in sign of the following determinant

det (Hqc(o) )
(o)

where ¢(o) is the curve of intersection, ¢(o) is the tan-
gent, and o is the arc length. Thus, to recognize that
a singularity has occurred, eq. (21) is used with a
diminishing-step variable until the singular point is
computed. To trace the second curve, it is necessary to
compute the second tangent at this bifurcation point. For
this reason, it is assumed that the surfaces are tangent at
the bifurcation point such that

2n

Xy, X Xy, /] X5, X %5, # 0 2)
The normal can be determined from
x! x x!
n= (23)
%8, > x|

Lucaks (1990) showed that a branch of a curve can be
parameterized in terms of its arc length o such that

r(0) = x'(qu(0), @a(0)) = X'(t1(0), 1a(0)) (24
Taking the derivative of both sides of eq. (24) with re-
spect to ¢ yields the tangent vector
or
3 = X} (@0 + XL (@)e = X, (01)0 + X5, (02)s (25)
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Multiplying vectorially by x} , we get
(&} x X)) (2o = (%, X X, )-(11)g +(Xg, X X7,)-(t2)s (26)

Dividing by x}, x x|, yields

(t)e = aq1)s + B(g2)s @7
t2)o = Y(G@1)s + 6(@2)s (28)

where
ab—pBy#0 (29)

Derive both sides of egs. (25) and (26) to yield

%} 0 [@)o 1 + 2% 1, (@)o(@2)o + Xipg,[(62)0 )
+x¢]1, (@)oo + X;Z(QZ)UU = (30)

x2 0 (D)1 + 2%, (0o (2o + Xiy, [(12)o 1

+x2 (t2)oo + X, (t)os (31

Using the dot product of n in both sides of egs. (30) and
(31) yields

<Xy 1> U)o +2 < Xg g0
n > (@)e(@)o+ < Xpyg,, 0> l@))* = (32)
<X, m> [(t)e] +2 <Xy, > (E)e(t)s

+<xi, 0> [t (33)

The normal curvatures on both sides are realized. Substi-
tuting eqs. (27) and (28) into eqs. (32) and (33) yields the
following relation:

01(g1)o? + 21aD)o(@)o + Kl(@)a =0 (34)
which is a quadratic form that can be written as
6 p (qx)a}
o o =0 35
[g)o  (g2) ][ll ﬁ] {(QZ)(’ (35)
Define the matrix A such that
_ |8 m
A= [” n] 36)
then the eigenvalues are computed as
9+ i
=RV (EE e 6D
0 _
A= ;“_\/(92"‘)%#2 (38)

Therefore the solution in the neighborhood of a singular
point depends on the definiteness of the quadratic form
defined by eq. (35). Furthermore, the two vectors defining
the tangent directions are the corresponding eigenvectors.
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Vectors in the tangent directions v; and v are determined
such that

=V =XV + VAiva (39)
Ty =/ —AV1 — VAv2 (40)

To determine the singularity along the traced curve,
Lucaks (1990) presented, without proof, that four cases
exist, which depend on the behavior of the quadratic form
of eq. (35):

1. the point is isolated if the form is definite, (A, A7) >
0;

2. the point is a bifurcation point (two branches) if the
form is indefinite, (A - A2) < 0;

3. one branch passes through the point if the form is
semidefinite, A\; = 0 or Ay = 0, but not both; and

4. a second-order singularity exists at the point if the
form is zero, or both A\; = 0 and A, = 0.

The physical significance of these singular curves stems
from having two constant generalized coordinates, i.., the
resulting curve is one-dimensional in three-dimensional
space. These singular curves partition singular surfaces
into a number of regions called subsurfaces that are de-
noted by ¥*. For a singular surface, the intersection of
curves c* results in nodes n?. For example, to determine
subsurfaces on surface x> in Fig. (2a), x’ is intersected
with x? and x! to obtain singular curves. The singular
curves are superimposed on surface x> as depicted in Fig.
(2b). The curves partition this surface to four subsurfaces,
each of which is bounded by curve segments. Subsurface
W4, for example, is bound by curve segments c* between
nodes n? and n’, curve segment ¢? between nodes n® and
n!, and curve segment ¢' between nodes n' and n’.

The matrix of subsurfaces is

i) = (¥ (), P(a), - -

O™ (o) U (s Do V()] (A1)
Eq. (41) includes all subsurfaces due to internal, bound-
ary, and higher-order singularities. It remains to determine
whether these subsurfaces are internal or boundary sur-
faces. This can be performed by perturbing a known point
on the subsurface and determining whether this point
satisfies the equation of constraint, eq. (3), subject to
inequality constraints of eq. (6). We have not found an
efficient method for determining this point. Any point can
be chosen, provided that it is not on the boundary. For
subsurface W'(q), the partial derivatives with respect to

the parameterization variables g, and g, are %—‘5; and %‘;’:.

At any regular point q° on the subsurface, these vectors
are linearly independent and tangent to the coordinate
curves through q° (they span the tangent plane of W*(q)
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Fig. 2. (A) Intersection of singular surfaces. (B) Partitioning of a singular surface to subsurfaces.

at ¢%). The unit vector fi, which is orthogonal to those
vectors, is ) )

avt o'
(E}T ;S )
ov v
B~ gz

f(q") = 42)

For a small perturbation Je about the point q° and along
the normal f(q®), the coordinates of the perturbed point
are

x = U(q°) £ deii(q®) (43)

For the perturbed point to exist inside the workspace, it
must satisfy eq. (3), subject to inequality constraints of
eq. (6). Thus, a solution is sought to the following system
of equations:

ORy’x,, +%ps — U@ F Oefi(@)) =0 (44)
g — by —cisinA; =0 (45a)
@ —by—csinky =0 (45b)
@3 — by —c3sinA3 =0 (45¢c)

The subsurface ¥i(q) is an internal surface if and only if
there exists a solution for eq. (44) for both perturbations
+8¢, consistent with the equalities of eq. (45).

3. A General 3-DOF Mechanism

To illustrate the foregoing analysis, consider the three-
degree-of-freedom manipulator depicted in Fig. 3 which
has three revolute joints. The boundary surfaces to the
workspace generated by the point %, = [0 0 017
will be studied.

3.1. Determining First-Order Singularities

For this manipulator, the three homogeneous transforma-
tion matrices using the Denavit-Hartenberg representation

singular curves

2!

®)

Fig. 3. A 3-DOF manipulator.

of joints 1, 2, and 3 are

cosqy 0 singg O
op _ | singn 0 —cosq 0
Ti=1"%9 1 0o 50 (46)
0 0 0 1
cosqgy 0 —sing; 20cosq;
| sing; O cosqy; 20sing;
T 0 -1 0 0 S
0 0 0 1
cosqs —sings 0 10cosq;
2pn | sings cosgs 0 10 sin g3
=" 0 1 10 48
0 0 0 1

where g, g2, and g3 are the generalized variables repre-
senting joint displacements.
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Multiplying the matrices H?ZliTi_l and extracting the
(3 x 3) rotation matrix yields

COS Q) COSQp COSG3  — COS Q) COS @y Sings
—sing sings —sing) cos g3
'R; = | sin q) €OS g2 COS Q3 —sin g cos ¢ Sin g3

+ cos g; singqs + cos g cOs q3

sin ¢z cOS ¢3 —sing; sin g3

—cos ¢ Sin gy
—sing; sin @y (49)

cos
The position vector is

10cos g; cos ¢; cos g3 — 10sin g; sings
—10cos q; sin g; + 20 cos g) cos g,

0 10sin g cos ¢, cos g3 + 10 cos g; sin g3

X = —10sin q) sin ¢; + 20sin g; cos ¢; (0)

10sing; cos g3 + 10cos ¢2
+20sin g, + 50

For a general point x = [z y z]7, the equation of
constraint, eq. (3) of this point is

[z — 10cosq; cosg cos q3
+10sin q; sin g3
+10cos g sin ¢z
—20cos g; cos g;

y — 105sin g cos g2 cos g3
d(q) = —10cosgysings | =0 (51)
+10sin g; sing;
—20s5in q) cos ¢z

z — 10sin ¢; cos g3
—10cos ¢z
—20sing; — 50

subject to the following joint limits

m 5w
——<g <= 52
2S0s7 (52)
which is parameterized as
. ™ 37T .
q=b +csind = =+ —sin) (53)
2 4
The second generalized coordinate has limits as
b T
——<g@p< - 54
152<3 (54)
and is parameterized as
. T 37 .
@ =by+csin\ = §+ ?sm)\z (55)
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The third generalized coordinate has limits
0<qy<2m (56)
and is parameterized as
g3 = b3 +ecysin A3 =7+ 7wsin Az 57)

To evaluate the Jacobian with respect to the new gener-
alized coordinates );, the matrices ®4 and q) are evalu-
ated such that

I —10sinq cos g, cos g3 —10cosq singy cos g3
—10cos q; sinq3 -10cos g cos q;
+10sin g sin ¢> —20cos q; sin g,
—20sin g; cos @z

10cos q) cos g cos gz —10sin gy sin gz €Os g3
Q4 = —10sin g; sin g3 —10sin g, cos @2
—10cos g; sin g —20sin q; sin ¢,
+20cos q; €08 g2
10cos g; cos g3
0 —10sin g,
+20cos q2

—10c¢o0s ¢ cos 2 SIn g3 7
—10sin g cos g3

—10sin g cos ¢; singqs
+10cos g cos g3 (58a)

—10sin ¢, sin g3

and
37” cos A; 0 0
Q= 0 Zeoshy O (58b)
0 0 T COS A3

Internal and boundary singularities are computed by
evaluating the determinant of the Jacobian and equating
to zero:

Doqa| = 1125(—1)"/8 cos Aj cos A cos A3 sin[r sin A3]
q

+(=4 4+ 2(-D'H(=D"* + 1] cos ( 3sin22 )
+(1 + (=1)!/*) cos ( 2sin2e=Bsinds

+(1 + (=D*)cos (Z8X 4 r5in \y)

2+ A=D1+ (=1)/*sin (2
—(—=DY? = (= 1)) [sin ( 232 ,\,gssm A1y
+sin (WX 4 75inA3)] =0 (59)
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Fig. 4. The singular surface x'(q2. q3) due to the singularity ¢\ = —/4.

subject to the inequalities of egs. (53), (55), and (57).
Singularities are determined by finding the roots of eq.
(59). For example, the term cos A; vanishes if A\ =7/2
or \; = —m/2. Substituting A into eq. (53) results in
q =-Fo0rq = 57". The other computed singularities
are g3 = 0,3 = m,q3 =2m, o = —§,and @ = 7- The
total number of first-order singularities is seven. The sin-
gularity g3 = m, however, is inside the interval [0 27 ].
Since both of the endpoints are singularities, g3 = 7
will not be considered. Singular surfaces are parameter-
ized by substituting each singularity into eq. (50). Note,
however, that some of these surfaces are boundary to the
workspace, other surfaces are internal, and some surfaces
have parts that are on the boundary and parts that are in-
ternal. For example, substituting the singularity ¢; = -4
into eq. (50) yields the singular surface parameterized as
follows

7.0711 cos g> cos g3
+7.0711(sin g3 — sin q2)
+14.1421 cos q2

—7.0711 cos g2 cos q3
+7.0711(sin g3 + sin ¢2)
—14.1421 cos q»

x (@, @) = (60)

10 cos g3 sin g,
+10cos ¢
L 4+20sin g, + 50

with inequality constraints defined as

0<g<2n 61)

—0.785 < g £ 1.57 (62)

This singular surface x'(gz,g3) is shown in Figure 4.
Substituting the singularity q; = 57" yields the surface

—7.0711cosqzcos g2 ]
+7.0711(sin g3 -+ sin g2)
—14.1421 cos q»

—7.0711 cos g3 cos @2
—7.0711(sin g3 — singq,)
—14.1421 cos @2

g2, 3) = (63)

10 cos g3 sin g
+10cos 2
L +20sin ¢g; + 50

with inequality constraints as

0<q@p<2m (64)

—0.785 < q» < 1.57 (65)

The singular surface xz(qz,qg) is shown in Figure 5. Sin-
gular surfaces due to the other singularities are depicted
in Figure 6, a, b, c, and d.
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Fig. 5. The singular surface x2(q2, q3) due to the singularity q; = 57 /4.

3.2. Determining Second-Order Singularities

To determine boundary surfaces to the workspace, it

is first necessary to divide singular surfaces into sub-
surfaces, and then identify those subsurfaces that are
boundary to the workspace. Singular surfaces are divided
into subsurfaces by computing the curves of intersec-
tion between them. Once these curves are determined
and each is projected onto its respective parametric
space of two variables, each region representing a sub-
surface is studied for existence on the boundary of the
workspace. To illustrate the determination of subsurfaces,
consider the intersection of the two surfaces x!(g2, ¢3)
and x2(g2, g3). The parameters of the second surface

will be changed to t; and ¢, such that {;, = ¢, and

t, = gs. The marching method presented in the previ-
ous sections is used. The constraint matrix, eq. (14), can
be written as

rx! (g2, q3) — X2(t1,12) ]
@ — % - Lsink

3n

Ho=| -5 55% | -0 (66
_ 3

t — 5 2 Sin/\3

o4

2

tr) — — %r sin /\4

ool

206 -~

The starting point, s*, computed using the Moore-
Penrose pseudo-inverse, is
s* = [0.6184 3.4086 0.6184 2.8745 0.1928
0.0851 0.1928 —.0851]

Using s* as a starting point for the algorithm for map-
ping marching curves, a singular bifurcation point s°, is
encountered at
s° =[0.7854 3.1416 0.7854 3.1416 0.3398

0.8306 x 10™° 0.3398 —0.8306 x 10~°]
The matrix of the quadratic equation, eq. (35) is com-
puted as

Az {9 u] _ [ 14.1421  0.6830 ©7)

[T 0.6830 —28.2843
The eigenvalues of the quadratic equation are A} =
14.1421 and A, = —28.2843. The first eigenvector due to
the first eigenvalue is vi = [1.0000 0.16099 x 1037,
while the second eigenvector due to the second eigen-
value is v, = [—0.16099 x 10~8 1.0000]7. To compute
the tangents at the bifurcation point, a combination of the
eigenvectors is used such that

1 = vV =havi + VA v, = [5.3182 —3.7606]7 (68)
72 = /v — VA v. = [53182 3.7606]7 (69)
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Fig. 6. Singular surfaces due to first-
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The normalized tangents computed in the parametric
space at the bifurcation point are 7! = [0.8165 0.5773)7
and 72 = [0.8165 — 0.5774]T. The resulting intersecting
curves in the parametric space are depicted in Figure 7a,
and on the surfaces in Figure 7b.

In addition to the intersection curves resulting from
the intersection between x'(g2, ¢3) and x2(g2, g3), sur-
face x'(gp, ¢3) intersects with other singular surfaces. The
computed intersection curves due to other singular sur-
faces are superpositioned in Figure 8. These four singular
curves (¢!, ¢2,¢3, and ¢?) partition surface x! into 12 sub-
surfaces.

To determine which subsurface is inside the workspace
and which is on the boundary, it is necessary to iden-
tify a point that is on the subsurface and use the per-
turbation technique. Given a number of intersection
curves in the parametric space (Figure 8), an algo-
rithm is used to determine the boundary curves of each
subsurface. Each pair of intersection curves is inter-
sected to determine intersection points called nodes,
which are shown as n!,n2, ..., n’. Starting at a known
point p° in the parametric space, a ray is cast in a ran-
dom direction until this ray intersects a curve (e.g.,
curve ¢! in Figure 9) to find the initial point . On
the curve ¢! there are two nodes that are close to .

Two vectors from the point p° are extended to each

of the nodes n! and n? such that r' = n! — p° and

2 = n? — p°. A vector from p° to « is also formed such
that r = x — p°.

To form a closed boundary of the subsurface, a con-
vention is used such that the normal to the surface,
resulting from a cross-product of two vectors, is al-
ways positive (rotating counterclockwise). This is the
node that results when a positive normal is chosen. For
example, for the point x, the two close nodes are n! and
n2. Since r X r? is positive (according to our conven-
tion), the node n? is chosen. Three curves pass through
n?. The tangents of each curve are computed, and the
angles between each of the tangents and that of the c!
tangent are computed. The curve that yields the min-
imum angle is chosen (i.e., curve c2). Two nodes on
curve ¢ exist, namely, n® and n*. According to this
convention, n° is chosen because it results in a pos-
itive normal when a cross-product is performed. The
procedure is continued until the starting node is en-
countered. The procedure is used to trace other regions
(subsurface) until all subsurfaces are traced. Similarly,
all singular surfaces are intersected and partitioned into
subsurfaces.

To determine whether each subsurface is a boundary
or internal subsurface to the workspace, the perturbation
method, eq. (44), is implemented. For example, consider
the point p!(q) on the subsurface ! which has the set of
generalized coordinates g = 0.4 and ¢3 = 3.4. Note that
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the subsurface U! is defined as follows

7.0711cos gz cos g3 |
+7.0711(sin g3 — sinqy)
+14.1421 cos q;

—7.0711cosg; cos g3
P! = | +7.0711(sin g3 + sin g3) (70)
—14.1421 cos g2

10cos gz sin g3
+10cos ¢z
+20sin g, + 50 |

enclosed by the following boundary curve segments
¢! on the interval [n2 n?
& on the interval [n®n°]
¢* on the interval [n9 n?]

To determine the normal to ¥' using eq. (43), partial
derivatives representing tangent vectors are evaluated
such that

—7.07sing; cos gz — 7.07cos qz

—14.14sin q»
ov! .
B 7.07 sin g3 cos g3 + 7.07 cos g2
@ +14.14sing,
10cos g; cos g3 — 10sin gy + 20 cos q2
7
and
oy —7.07cos ¢z sin gz + 7.07cos g3
v
Bor = | 7.07cosq; sings + 7.07cos g3 (72)
q3
—10sin g, sings
The normal is computed
_ ov! y ov! _
0 Og3
297 (cos g2(cos g3)* — sin g3 cos g3
— sin g3 + sin g2 €os g3 — 2.COS q2 COS q3)
207 (cos g3 sin g + €08 ga2(c0s g3)° 73)
—2sin g3 — cos g3 sin g3 + €Os g2 €08 G3)
‘%’%(sin @2 COS g3 — COS @2 COS g3

— sin ga(cos g3)%)

The unit normal & = n/||n|| at the point q° on the sub-
surface U! is evaluated

f=n/ln|] =[0098 —0452 088717 (74)

For a small perturbation ¢ = 0.1, the coordinates of
the perturbed point are computed as

x = Ui(g®) + Beh(q®) = [6.513 -1.812 63.418]7
(75)
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Solving eq. (44) subject to the inequalities of eq. (45),
there exists a solution such that the generalized set is

q = [2.321 1.222 - 3.502]%. For a perturbation of

e = —0.1, the coordinates of the perturbed point are due
to

x = Ui(q®) — Bei(q®) = [6.494 —1.721 63.2411F
(76)

and the solution for this position is the generalized set
q = [2.393 1.231 - 3.463]7. Thus, both perturbation
points are inside the workspace, which guarantees that
this subsurface is internal. For subsurface W2, the point
on this subsurface is chosen as p?(q), which has coordi-
nates ¢, = 1.0 and g3 = 4.4. The unit normal it = n/||n]|
at the point ¢° on the subsurface 2 is evaluated as

fi=n/|jn| =[0671 0653 035117 (77

For a small perturbation 8¢ = +0.1, the coordinates of
the perturbed point are

x = Ui(q®) + dei(q®) = [—6.211 —7.245 69.64617
(8)

For this perturbed point, a solution of eq. (44) sub-
ject to the inequality constraints of eq. (45) can be
found such that the set of generalized coordinates is
q = [2.276 1.114 1.882]T. A solution, however, cannot
be found for —d¢. This indicates that 2 is a boundary
subsurface to the workspace.

Using this technique, boundary subsurfaces of each
singular surface are determined. These surfaces are de-
picted in Figure 10 (in two different views). The volume
enclosed by these surfaces is the workspace.

The above method was used to determine the boundary
of the workspace for a number of manipulator configu-
rations. Figure (11) depicts workspace boundaries for a
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variety of combinations of revolute (R) and prismatic (P)
joints.

4. Conclusions

The formulation of a general 3-DOF manipulator
workspace has been shown to be valid for manipu-
lators with joint limits formed in terms of inequality
constraints. No limitations on the types of joints have
been set. Although the computations involve numerical
techniques, the resultant surfaces bounding the workspace
are analytically parameterized.

It has been shown that singular surfaces can be par-
titioned into subsurfaces. The boundaries of these sub-
surfaces are defined by determining singular curves
that result from the intersection of two singular sur-
faces. Subsurfaces can be entirely on the boundary of
the workspace, or entirely inside the workspace. Diffi-
culties in computing second-order singularities may arise
when similar parametric surfaces are encountered. A
technique for computing a tangent at the intersection of
two singular surfaces has been presented. Since singular
curves are computed numerically using marching meth-
ods, difficulties in parameterizing these curves occurred.
The authors are in the process of developing a method
to parameterize singular curves, as well as to automati-
cally select a point on the subsurface via computing the
centroid.

This work is currently being expanded to higher de-
grees of freedom by segmenting a manipulator to a
number of three-degree-of-freedom systems. The en-
velope of one segment while inside the workspace of
another segment is traced.
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Fig. 10. Analytical surfaces that are boundary to the workspace.
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