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Abstract

The method of consecutive revolving or extrusion of a geometric entity in a CAD system is typically used by a designer to represent
complex solids. While it is evident that consecutive sweeping is a very effective tool, it has been restricted by the associated difficult
mathematics in representing consecutive sweeps and in analyzing the resulting equations. The Denavit—Hartenberg (DH) method, first
introduced in 1955 in the field of kinematics to mathematically relate motion between two coordinate frames, provides an effective
formulation for characterizing the resulting solid model. Design variations imposed on sweep properties are easily propagated through
the formulation to update the solid. This paper illustrates the use of the DH formulation for multiple sweeps and demonstrates the method
through examples® 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction the volume. The work presented in this paper is formalism
for the development of a systematic method for computing
Solid modeling provides the most complete representa- the swept volume generated by consecutive sweeping.
tion of an object whereby quantities such as mass, center of While there has been an extensive amount of work pertain-
gravity, and moments of inertia can readily be computed. A ing to analysis and formulations for swept volume techniques,
number of different schemes have been used to representve cite those that have appeared in recent years and refer the
solids such as primitive instancing, cell decomposition, reader to visit the web page dedicated to swept volumes
sweep representations, constructive solid geometry (CSG),research and applications [www.icaen.uiowa.ed/am/sweep/
and boundary representations (B-rep). Most of the times, asweept]. Recent work in the field include Refs. [3—16].
combination of the above methods is used to generate The consecutive sweep of a geometric entity in a Compu-
complex solids. The concept of sweeps as a tool to generateter-Aided Design (CAD) environment is a very effective
solids is commonly used by designers but only for a mini- method for producing complex solids as was shown in
mum number of sweep variables. Solid modeling is compu- recent work by [17]. In this paper, we present an effective
tationally expensive and efficient methods of model method to formulate the sweep equation for multiple
construction are needed to reduce computational time. revolve and extrude operations that would serve as a prepro-
A detailed review of major developments of solid model- cessor module in a CAD environment as illustrated in Fig. 1.
ing methods is presented by Hoffman [1]. Hoffman states: A circle, for example, is extruded along an axis to
produce a cylindrical surface characterized by two para-
The mathematics of sweeping is more delicate and  meters. This surface is revolved about another axis to
demanding than it might seem at first glance.  yjeld a volume characterized by three parameters. Again,
...Usually, there is no closed-form mathematical  the volume is now extruded to yield a more complex solid in
description of the surface bounding the swept volume.  four parameters. This design method provides a level of
flexibility that is not evidenced by any of the aforemen-
Ho_wever, recent work [2], prgsents a closed-form ma’Fh- tioned modeling methods but that can be used as a comple-
ematical method for the determination of surfaces bounding mentary aid to these methods. While this multiple sweeping
idea is often more difficult to visualize, it provides a new
5669, technique for design, especially when the outcome is still
E-mail addressesamalek@engineering.uiowa.edu (K. Abdel-Malek), uncertain and further work on the solid may be required.
othman@nads-sc.uiowa.edu (S. Othman) The proposed method will formulate this multiple sweeping
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SOLID MODELING USING SWEEPS
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Fig. 1. DH formulation as a module for solid modeling.

using a systematic mathematical approach that would main-variables representing each sweep. Indeed, the DH formula-
tain the sweep variables in the final expression. As a result, ation will:

change in the design after the initial sweeps have been
selected is now possible and can easily be performed in
analogy with existing parametric methods.

It should also be noted here that sweeping, as in the fleld
of kinematics, is not limited to revolve and extrude opera-
tions (revolute and prismatic joints). Any sweep analogous
to a joint in kinematics can be modeled. For example, a
spherical joint is a combination of three intersecting revo-
lute joints, and a cylindrical joint is a combination of a
revolute and a prismatic joint. Similarly, other types of
sweeping (such as the general screw motion) can be repre-
sented as well.

The concept of multiple sweeping to generate solid
models has not yet been addressed in the literature becaus2. The Denavit—Hartenberg representation method
of the relatively complex mathematics. Envelope theory
[18], for example, typically used in the analysis of swept  In studying the kinematic motion between two jointed
volumes, is limited to three parameters. Similarly, the links, the DH-method defines the position and orientation
elegant method of sweep differential equation [19-21], of two consecutive links in a chain, linkvith respect to link
although has treated several important issues pertaining to(i — 1), using a4 X 4) homogeneous transformation matrix.
computer aided geometric design using swept volumes, hasFor our purposes, an extrude, revolve, or any sweep opera-
not yet been applied to consecutive sweeps of an object. Thetion, will be represented by a specific type of kinematic pair
Lie group of Euclidean motions is 6-D (6-parameters) and (a joint). The extrusion of a geometric entity along an axis is
the swept volume of a 3-D object can usually be expressedidentical to rigid body motion of an entity along a prismatic
in terms of 4 parameters. Therefore, the potential for SEDE joint, while revolving a geometric entity about an axis is
method to address consecutive sweeping exists. identical to rigid body motion about a revolute joint. The

The Denavit—Hartenberg (DH) method [22-24] was consecutive sweep operations provide a powerful method
created to systematically establish a coordinate system infor solid modeling.
each link of an articulated kinematic chain. A mechanism, For example, consider the extrusion of a cucit¢ shown
composed of several links can be represented using the DHin Fig. 2(a), along axisy to generate a surfac, u), para-
method to relate the position and orientation of the last link meterized in two variables. This surface is then revolved
to the first. Because of the DH method, displacement andalong a curve (about axi®,) to generate a volume
angle parameters of the joints connecting two links are v(t,u,v) parameterized in three variables and shown in
considered as variables in the formulation. In this work, Fig. 2(b).
the DH formulation will be used to characterize the The volume is then swept again along a curve (about axis

1. provide a systematic method for locating coordinate
systems for each sweep operation;

. characterize each sweep using four independent para-
meters;

3. formulate the solid model in terms of these variables such
that varying any or all of the parameters can automati-
cally change the solid model,

4. provide an ability for computing solid mass properties
(volume and moments of inertia).

@

Fig. 2. (a) Sweeping a curve along an axis. (b) Sweeping a surface along a curve. (c) A sweep of the resulting volume along a curve.
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Fig. 3. Modeling of the sweep.

a;) to generate a more complex shape parameterized in foursubsequent coordinate frames, tiemogeneous represen-
variablesg(t, u, v, w) shown in Fig. 2(c). tation of a generic vectov can be introduced as the vector
Consecutive sweep operations are represented by a’ = [v' 1]" formed by adding a fourth unit component. By
number of joints. Sweeping along axig is represented  adopting this representation for the vect8vsandlv, the
by a translating jointl; shown in Fig. 3. Revolving about  coordinate transformation can be written
a, is represented by a revolute joid and revolving about 0 0
a3 is represented bys. o+ _ Ry "by
For a pair of consecutive sweeps about any two axes, the 0 1
DH representation provides a systematic method for the
establishing of a homogeneous transformation matrix and is termed thehomogeneous transformation matrix
between them. The result is a single equation of the solid Hence, transforming a vector from one coordinate frame
as a function of the sweep parameters. A change in one ofto another is written as
the parameters is propagated into the solid without the need, . . ;_
for recreating the sweep operations. This important notion V="T,V )
will become more evident in the following sections.

2

In order to generate the matrix relating any two sweeps, a
o ] . minimal representation afnly four parameterss necessary
2.1. Minimal representation between two coordinate frames 4 gescribe one coordinate system with respect to the other.
These four parameters determine the position and orienta-
tion of a coordinate axis with respect to another usiigga

of the systems is orthogonal to thexis of the other system 4 hqmqggneous_ transformation matrix. To establish th_|s
matrix, it is possible to observe that a vector resolved in

are related by a Euch_dean motion depending on four para- the ith coordinate systerlv may be expressed in the €

meters, rather than six parameters necessary for a pair in : i1 . .
. . . . 1)th coordinate systef v by performing four successive

general position. Consider two coordinate frames in space, transformations as follows:

the first denoted byy—yo—2z, with origin at Oy and the '

second by;—-y;—z; with origin atO;. Let P be an arbitrary 1. A rotation about the;_, axis by an angle o#, to align

point in space. Lev be the vector coordinates &f with

respect to thet,—y,—z, reference frame. Léw be the vector Z

of coordinates oP with respect to frame 1. Léb, be the

vector describing the origin of frame 1 with respect to frame

0 as shown in Fig. 4.

Using geometry, the position of poift with respect to
frame O can be expressed as

In this section, we will use the property that two coordi-
nate systems satisfying the property that thaxis of each

O =%, + °R,lv 1)

where°R; = [x; y; z;] is the rotation matrix relating the
orientation of both frames. In order to achieve a compact
representation and to simplify the mathematics between Fig. 4. Representation of a poiRt
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Fig. 5. Establishing coordinate systems and the four D—H parameters.

thex;_4 axis with thex; axis (as shown in Fig. 5_1 || x; Each step above is expressed bypasic homogeneous
and pointing in the same direction). Note that the joint rotation or translation matriXe.g.T,4 denotes a translation
representing each sweep in this case need not bematrix alongz with d units). The product of these four
prismatic or revolute and hence the revolute—prismatic matrices results in a composite homogeneous trans-

symbol in Fig. 5. formation matrix relating the(i — 1) frame to theith
2. A translation matrix along the_; by a distance ofj frame as
units to makex;_; andx; aligned. -1
3. Atranslation matrix along the axis by a distance of; Ti=TaaTzoTxalTxa )
units to make the two origins of theand(i — 1) systems  Substituting for each basic transformation matrix, Eq. (1)
coincide (thex; and thex;_; will also be aligned). can be written as
_ [ cos®, —sing 0 07
1 00 O ) 1 0 0 g 1 0 0 0
singg cosf O O ]
1 01 0 O 0 1 0 0}J]0 cose; —sing O
=01, = 0 0 10 _
0 0 1 d 0 01 0}J]0 singg coseg; O
0 0 0 1
|0 0 0 1 0 00 1]]0 0 0 1
[cos# —cosq;sing  sing;sinG,  a;cos6;
sinf,  coSq; COSH,  —sSing; cOosH; g Sin b; ©
= )
0 sing; COSq; d;
| O 0 0 1
4. A rotation matrix about the; axis by an angley to Define a set ofjeneralized coordinates, i, ..., g, that
coincide the two coordinate systems. represent the variables'in* T, and those of the swept entity,

whereg; = 6, for a revolve action and; = d; for an extrude
action. Note that these variables have inequality constraints
imposed on them in the form of

Therefore, the parameter$,d;, a;, o; characterize the
position and orientation of any two consecutive sweeps.
This is possible only because of the unique formulation
whereby thez-axes are located along the sweep operation g = g = g (6)
(joint axis) and thex-axes are perpendicular to any two S
consecutive sweeps. The rules for affixing these axes areFor any sequence of consecutive sweeps, two reference
addressed in the following section. frames are represented by the multiplication of their
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Fig. 6. (a) A surface subjected to a revolve, an extrude and a second revolve sweeping. (b) Replacing sweeps by joints and using the rules farexffixing fra

respective transformation. To obtain the transformation
matrix relating the global frame (frame 0) to thgh
frame, multiply the individual transformations as

n .
T (G - ) = T 2(Q) ' To(@).." M@ = [ ' Ti(@)
=1
©
where
OR Op
OTn(qlv LX) qn) = [ A " ]’
0 1

and®R,, is a(3 x 3) rotation matrix,’p, is a position vector
from the origin of frame O to the origin of theth frame.
For n-sweep actions, the resulting transformation matrix
with respect to frame 0 i§T(qy, ..., gy).For a sweep of
the geometric entityl'(Qn+1, .. Onem), Where m is the
number of parameters characterizing the sweptitye
(example of I' is a cylindrical surface given by
I'(u,v) = [5 cosu 5 sinu V™). The totality of points in the
swept volume representing every point in the solid model is
&(g) computed from

where £@)=1[xy2' and q= [0y, 0, -0 Gpess oo
Onsml' is the extended vector of generalized variables.
Note thatI' may have more than one parameter and that

l—‘(C]n+l’ oo Ont m)

[E (1" =Ty(q, - qn>[ )

= [x(@) y(@) zq) 1] €)

&(q) represents the set of all points inside and on the bound-

ary to the swept volume. The uniqueness of this formulation

established, the transformation matric@’s”Ti will be
determined.

2.2. Convention for affixing frames

In order to obtain a systematic method for generating a
(4x 4) homogeneous transformation matrix between any
two sweeps, the convention for establishing coordinate
systems introduced by Denavit and Hartenberg is adopted.
The procedure for establishing triads is implemented as:

1. Name each operation starting with 1,2n.in reverse
order;

Embed the z, axis along thdth sweep axis;

Embed thex; axis normal to thez_; axis and

Yi = Zi XX,

. Define the geometric entity to be swept with respect to
thenth coordinate frame. The location of the origin of the
first frame (frame 0) can be chosen to be anywhere along
the z, axis;

Denote the entity variables ag. 1, ..., Qy+m. FOr exam-
ple, I'(u, v) becomed’ (0 1, Gn+2)-

2.
3.

5.

To illustrate this convention, consider revolving the surface
I'(u, v) shown in Fig. 6(a) about an ax#é by an anglet,.

The resulting volume is extruded in the direction of the axis
a, by a distancel,, followed by another revolving sweep
about the axisaz with an anglef;. Revolving sweeps are
replaced by revolute joints shown as cylindrical surfaces in
Fig. 6(b) and located along the axeg and a;. Extrude
sweeps are replaced by prismatic joints shown as prismatic
members in Fig. 6(b). The, axes are now located along
each joint, starting with the last sweep operation such that
the axes are namexj, z;, andz,. The x-axes are located
using the second convention and thaxes are not shown.

is evidenced by its invariance under any subsequent revolve
or extrude operation. Indeed, even when sweep parameters, Implicit function theorem and varieties in the

are changed, the resultiggq) is concurrently updated with-
out the need for reformulating the problem. In order to

develop a systematic method for generating the solid, we

employ a convention in affixing frames. Once frames are

manifold

Every point in the solid model characterized &) is
subject to the constraints of the parameters of Eq. (6). To
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Given anumber of Sweep operations

v
1. Embed the z,, axis along the ith sweep axis
2. Embed the x; axisnormal tothe z , and y, =z xx
3. Define the sweep variables g; (use reverse order for designation)

r e\ 1 !
Fill-intheDH-Table ~ F—H-—=====~ I

Form the Homogeneous Transformation Matrices
cosf, —cosa,sinf, sina;sinf, @ cosb, |
sinf, cosa,cosf, —sina,cosh, & sing,
0 sina, cosa, d
0 0 0 1|
+ n
o7 =°T,'T,.." T, = |‘l T .
- f@)

{Z(T’WZQTH(% _____ qn){r(qm,..-,qw)}: 9(a)

w—1-|—‘ -

A

1 h(@)
1 Apply adesign change as
1 - 1. A DH parameter change
2. A parameter limit change

Compute the Jacobian £ 0
Apply rank-deficiency  H, —{ a }
conditions (compute p; )

¥

Plot  &(u)=&(p;,u)

A

A 4

Fig. 7. Algorithm for creating and representing a solid model using the DH-method.

impose the inequality constraints of Eq. (2) in terms of the important, therefore, that there not be open sets in the
sweep variables, it is possible to transform the constraint of space of the generalized parameters in which the constraints
Eg. (2) into equality by introducing a new set of generalized are redundant. Redundancy occurs when the Jacthjais
coordinates; such that it is rewritten as rank-deficient which will subsequently defirvarietiesin

the manifold. For am-parameter solidi, is rank deficient

' ‘ on the basis of two conditions that were derived by [17] and
whereg, = (" + g™")/2 andb; = (¢f"® + g™")/2 are the are generalized in Appendix A. Singularities as a result of

Qi:ai+bisin/\ii:1,...,n+m 9

mid-point and half-range of the constraint. Augmentiqg) the Jacobian rank deficiency condition are denoteg,by
by the constraints, a point in the solid model is represented Varieties in the manifold are expressed by substituting the
by a manifold as singularitiesp; into £(q) such that the equation of a variety is
£&@) . = i 12
H(Q") = [ | i=1..n+m @g WP (12
O —a — b sinA

The algorithm for creating and representing a solid model
whereq” = [q" AT]"is 2(n + m) x 1 and is the vector of all ~ that is as a result of sweep operations and based on the
generalized coordinates. The Jacobian of the constraintDenavit—Hartenberg representation is shown in Fig. 7.
function is a nonsquaré€3 + n+ m) X 2(n + m) matrix

given by 3.1. Mass properties
H. = & 0 (12) Because this formulation yields closed form surface
d I gy equations describing the boundary of the solid model, it is

now possible to apply the divergence theorem to compute
tthe various mass properties that are essential to a solid
modeler. The contribution of a varietg”(u), where
u=I[q qZ]T, to the volume of a solid model with unit
normaln® using the divergence theorem is given by

where the subscript notation denotes a derivative such tha
Hq = 0H/0q", and &; = 0&/dq, and g, = dg/oN, and
where | is the identity matrix. In order to have a well-
posed formulation; constraints that are used to model the
geometry of this problem should be independent, except at
certain critical surfaces in the manifold (Implicit Function
Theorem) when the Jacobian becomes singular. It is

3V = ” £0u)n® dA (13)
A
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The area is given byAl= [|£}) x £&})] dg, dg, and for a Substituting values for each row of the DH-table into Eq.
variety which is a parametric entity, the normal vector is (1) yields the following matrices:

written as _ .
cosqgq 0 singg O

S0) _ £ X EQ) o sing,
Jl&§) x 1l Ta(o) =

Substituting for é and forn” into Eq. (13), the volum¥ of
a solid model enclosed by varieties is the summation of the -

0O —cosqg; O
0 1 0 30|
0 o0 0 1

contribution of all boundary varieties as (note thas not a [cosg, —sing, O 20 cost,
unit vector) ) )
1 sing, cosg, O 20sing,
1 0 (i) Taqp) = ,
=3 > JJAE (dz, 02)-n* da; da, (14 0 0 1 0
i
0

Note that similarly, moments and products of inertia can be

computed. [cosq; O singg O
°T (q) = singg 0 —cosgs O ’

4. Examples 0 1 0 0

0 0 0 1

4.1. An introductory example -

and the swept curve written in terms of the third reference
frame is I'(q) = [5 cosq, 5 siny, 7]". Performing the
multiplication of Eq. (4) yields the set representing every
point in the solid model as

Consider revolving the curvE(t) about the axis; with
an anglef; constrained by—m/4 < 0; < 5w/4) as shown
in Fig. 8(a), and where the curve is constrained®s t <
3w/2). The resulting surface will then be swept again about

axis a, shown in Fig. 8(b) with anglg0 < 6, < m/2), El o 1 ) I'(qs)
followed by another sweep about axas, with an angle = T1(0) T2(%)"T3() (15
(0 < 03 < m).

Using the DH-representation method, theaxes are where

& =

5 cosQ; cosq, COsqz cosq, — 5 €0sq; Sing, Sings cosg, + 5 sing; sing, + 7 €0sqg; cosq, Sings + 7 cosg; sing, cosgz + 20 cosq; Cosq,
5 sing; cosq, cosgs Cosgs — 5 sing; singp sings; cosg, — 5 cosq, sing, + 7 sing; cosq, sings + 7 sing; sing, cosgz + 20 sing, cosq,
5 sing, cosgs cosqg, + 5 cosq, Sin gz €osq, + 7 sing, Sings — 7 cosg, cosqs + 20 sing, + 30
(16)

located along the sweep axes and are denoteg} l7y, z, and the parameterization of the inequality constraints yields
where the numbering scheme has started from the last sweep, = w/2 + (w/2)sinAy, O = w/4 + (w/d)sin,, Q3=
operation. Note also that the sweep variabfgsare also  w/2 + (3w/4)sin A3, andq, = m/2 + (m/2)sin A4. Using the
changed t@j;s but in reversed order where the parametér Jacobian row-rank deficiency condition, there are four sub-
the curve T' is denoted last asqg, such that Jacobians, whose determinants are computed and set to
0 = [0y, G, O3, Oa]" = [65, 62, 61, 1]". The x; axes are also  zero as

shown in Fig. 8(c) and are located subject to the rules of

Section 2. Dimensions are shown in Fig. 8(c) and the DH- dei(#7%,%3); = 1500 cosy, cosqs

parameters are entered into Table 1. ) )
+1500 cogy, c0sq,(cosqz)” + 2250 cosgs)” sing,

Table 1 . .
— +

DH-parameters of the sweep of example 1 500 cosq, cosgp singg + 2250 cogt, Sings €00

Joint 6, d a a; —1500 cogy, sings cosqs sing, + 250(cosq,)” sing,

1 % 30 0 /2 —250(c0s0,)? cOSa, COSU; SiNgs — 750 COSY, COSTy,

2 % 0 20 0

3 U 0 0 w2

—250(c0os0,)? X (Cosgz)® sing, = 0 (173
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detfi1figh,)3 = —250 coxy, sing, cosq, =0 (179
det,fishy)s = 250(c0Sq,)? singg — 750 cosg, cosgz = 0

(17d

Condition (i) singularities are the simultaneous solutions to
17(a)—(d)

p1 = {g; = arctar3), q, = 0}

ps ={0z = /2, g4 = w/2}

p. ={0gs = m — arctanid), g4 = 7}

Py = {0z = /2, 04 = 3m/2}

Consider the limit 9q"™ = [q]'™ = =], therefore, w =

[0 O3 a.l". The Jacobiar{&, © &1 is computed and the
rank deficiency condition yields= [q, = w/2]. Therefore,
the singular set isps; = [8Uaq™ ={q=m, g =
w/2}. Similarly, other sets are computed as

ps ={az = —n/4, q, =0},

Pe = {0tz = —m/4, Oy =},
p7 ={dz = 5n/4, q, =0},
Pg = {0z = 5m/4, Oy = 7},
P17 ={q =0, as=0},
Pie={ =0, 0=},
P19 ={0G =0, as=m/2},
P20 ={0d2 =0, 04 = 37n/2},
P21 = {0 = /2, q, =0}

P ={0=7/2, q,=},

poz = {0 =72, o= 7/2},

Pos = {0 = /2, g4 = 3m/2}

© P2 ={0h =0, q4 = 7/2},

Fig. 8. (a) A sweep of a curve about an axis. (b) Consecutive sweeps of a o o _
curve. (c) The DH-representation of the complete sweep. Pso={th =0, gy =3m/2}, and
Pa2 ={q =, 04 = 3n/2}

det#i1fi,h4), = —500 cosg, sing, CoOS A
(hafizfa)e Sz SIN G €SG5 For dimog™]=n+m—2, the following sets are

—750cosq)? sing, sing, identified.
—250 sing, Cosq, COSU,(COSHz)? Pg = {0z = —m/4,qy = O},
—750 cos, Sin g sing, cosgz Pro={0s = —m/4, q =},

+250 cosq, singg sing, cosgs sing, =0 (17b P11 = {0z = 5n/4, q, = 0}
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P12 ={0s = 5n/4, g, =},

P13 ={0z = —m/4, d, =0},
P1s = {0z = —m/4, 0, = 7/2}
48
4464 P15 = {ds = 5n/4, g, = 0},
2 P1s = {0z = 5n/4, 0, = w/2},
P2s ={0d2 =0, q; =0},
P2s ={d2 =0, gy = 5n/4},
Fig. 9. Variety&i4 (P14 U)- Py = {0 = w2, q =0},
P2g = {02 = w2, g1 =7}
Substituting each singular set inggdq) yields the equa-
tion of a variety. For example, substituting the pei =
Table 2 {a, = w/2, g3 = —m/4}into Eq. (24) yields the equation
DH-parameters for the arbitrary revolving about 4-axes E14(P14, U) = E14(U)
Joint o d 4 < 5cosq; + 3.535 cos;, cosq, + 5 sing; sing,
1 o 10 10 /3 _ ; i _ i
5 iy 8 1 o 5 sinqg; + 3.535 sing; cosqg, — 5 cosq; Sing,
3 03 16 20 w3 45+ 3.535 cosy,
(18
55
50 L
«f f
iy s
jueg s
ikl
25 R =0

(e)

Fig. 10. (a) Varieties 1 through 8. (b) Varietiés;,...,£16. (C) Varietieséy, ..., &,. (d) Varietiesé, s, ..., &o. (€) Varietieséss, ..., &g (f) Varietieséyg, ..., &3
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general as possible with no intersections and in various

directions. Thez- and x-axes are located as shown in Fig.

11 and the DH-parameters are presented in Table 2.
Substituting each row into the matrix of Eq. (1) yields

[ cosq; —0.5sing; 0.866sing; 10 cosq;
or sing; 05cosqg; —0.866cosg; 10 sing
1 oo 0.866 a5 10
| O 0 0 1
[ cosq, —0.5sing, 0.866sing, 12 cosqy
1 singy 05cosg, —.866cosy, 12sing;
Fig. 11. The resulting solid model. T= 0 0.866 Q5 8
| 0 0 0 1
whereu = [q;, q4]". This variety is plotted and shown in ~ _ .
Fig. 9.Varietiesé,, ..., & are shown in Fig. 10(a); varieties cosqgs —0.5sings 0.866sing; 20 cosqs
&, ..., &12 In Fig. 10(b); varietiestys, ..., &5 in Fig. 10(c); - 0.5 cos —0.866 co 20 sin
varietiesé, s, ..., &qin Fig. 10(d); varietiegys, ..., &g in Fig. 2T, = b = % ' s %
10(e); and varietieg,, ..., £, in Fig. 10(f). Combining all 0 0.866 Q5 16
varieties, the solid model is shown in Fig. 11. 0 0 0 1
4.2. Arbitrary revolving about four axes and the vector characterizing the sweep(i$) whereq =
(01 G2 G Gal”

Consider the creation of a solid model by arbitrarily

revolving the curvel'(g,) about four axes as shown in [ &@ ] 1 ) I'(0)
Fig. 12. The curve is given by = T1(0) T2(02) T5(0) (20
3 cosq, + 0.866 sing, with the following constraints —m/2 < q; = /2,
I'(q,) = | 3sinq, — 0.866 cosyy |; —m/2 < q < /2 —m/2 = Gy = 2m/3, and—m/2 = Q3 = /2. _
Varieties are computed by substituting the singular sets
35 into £(q) and are plotted in Fig. 13(a). A cross-section of the

(19 volume is taken az = 0.8 and depicted in Fig. 13(b).

and is to be revolved first aboa, the result of which is 4 3. pesign variation
revolved aboutz,, and subsequently revolving the result
aboutz,. In this case, the four sweep axes are selected as Consider revolving of the surfadé(u,v) about the axis

%

Yo

Fig. 12. A general four-parameter sweep of a curve.
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Fig. 13. (a) Solid model of the four-axes sweep. (b) A cross-section of the volume.

Z,, subsequently extruding along the axg and again
along the axiszy as shown Fig. 14, where the surface is

given by

I'(uv)=[5cosv 5+u 5sinv]’;

5<u<10 and O<v< /2

Using the DH representation method, thaxes are located

as shown.

The homogenous transformation matrices are

1 0 O 0
o7, = 0 0 -1 0
01 0 g +10
(0 0 O 1
1 0 O 0
1T2— 0O 0 1 0
0 -1 0 g+7
|0 0 O 1
singz 0O <cosgs O
—cosqg; O sings O
N 0 -1 0 0
0 0 0 1

Exchanging u andr with a4

&(g)characterizing every point model is

& I'(d4,05)
[ ) ]=°T1<q1)1T2<q2)2T3<q3>[ ‘; 5]

with 10=q; =20, 7= g, = 15, and—7/2 = g3 < w/2.
As this is a five-parameter sweep, the resulting Jacbian is
(3% 5), hencen = 5. A total of 90singular setsexist. For

the vector

produced by the limits o€, g3, g, are shown in Fig. 15.
The complete swept volume of the five-parameter sweep is
shown in Fig. 16.

Because of the unique properties of the DH representation
method, variational effects due to design changes can be
addressed. Consider for example introducing a change in
the upper parametric limits of the generalized coordinates. A
change in the upper limit af; from ww/2 ton/4; a change in the
upper limit ofq, from 10to 8; and a change in the upper limit of
gs from /2 to/4. The solid model can be readily updated and
shown in Fig. 17(a). Furthermore, it is now possible to intro-
duce changes inthe design variables characterized by the loca-
tion and orientation of the coordinate systems. For example,
consider the change in the angle of the surfRday intro-
ducing a change in the DH-Table (a tilt /4). The homo-
geneous transformation matrice$ VT, are updated
accordingly, and the expression &) is computed. The
updated solid is now shown in Fig. 17(b).

4.4. Mass properties

In order to demonstrate the computation of the volume or
a solid model that is a result of the DH representation,
consider the sweep of a curve about an axis followed by

Z,

“T(u,v)

Xo

Fig. 14. Multiple sweeps of a surface to generate a five-parameter swept

example, varieties due to the boundary singular behavior volume.
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Fig. 15. Varieties of the manifold.

another sweep about a second axis as shown in Fig. 184.5. A four parameter solid model

Whgre the parameters are constraiged as foIIovgs:cQ <

270, —120 <@, <120, and—120 < g3 < 120. The Denavit—Hartenberg parameters are presented in
Using the DH parameters, the manifold is characterized by Table 2 and the resulting swept volume shown in Fig. 20.

10 cosg; cosqg, + 5 cosq; cosg, cosgz — 5 cosq; sing, sings
&) =] 10cosg, sing; + 5 cosq, cosqs sing; — 5 sing; sing, sings (23

10 sing, + 5 cosgs sing, + 5 cosq, sings

Combining . all varieties . i ={gs = 0},
P2 ={0z =120}, pz={0gz=—120} ps={aq =0} ) ——
ps ={q; = 270"}’ P = {0 = _120"} and Variety Parametric limits VoIL_ng
p;={0p = 12(5}), singularities g, = ~120 and 120 contribution
yields the solid model shown in Fig. 18. & 0=q, =3w/2; —2w/3 =0, < 2u/3 27547.1
Boundary variety patches of the solid model are presented £ 0=q =3m/2 —2n/3<q, < —7/6 3060.79
in Table 1. 52 w2 <0 = 2.68m/8 = q, = 27/3 510.11
The volume of this solid model is computed as 12484.3. £, o= glqs Sz e = izqs AP
To verify the results, cross-sectional cuts through the solid x _ﬁ/gslqzs’ﬂ/s; ~2mf3 25_q3 = 2n/3 0
were introduced as shown in Fig. 19. & —m3=q, =3 —2m/3=qs < 2m/3 0
To validate the volume computation, a cross-section was ¢° m2=qy=m —2n/3=0g3=0 1382.5
computed at each unit along tkexis, the area computed, € 2= = 0=y = 2m/3 13825
and the volume calculated by integrating across the cross- Total 37453
sections.

T T

T T T T T T

N
5
.h'&
S5
S

Fig. 16. Swept volume of the five-parameter sweep.
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4.6. A five-parameter solid model

Joint No.

90
90

5
0

ql — 90
q2 + 90

1

Consider the sweep of the hemispherical surface given by

5cosgs]';

/2 three times as given by

I'(Q4, 05) = [—5 cosq, sings — 5 sing, sinds
the following transformation matrices.

0=gq,=2mand

- 90
90

g3+ 4
g4

2
3
4

=0 =

—t/2

0}
<
-
o
=
S
2
> —~
~— 2
° —~ 2 & Il
L N =) I
S E -2
@ I > ° 2 ©
o g o g © b
S 2 &5 4 o
S @ . o E °
oy , o E ™ m
z % o Il Il Il R
°g s & g °
> 3 Il
°e5 ° < < <
n_nul 'S ~ ~ ~ O
5 W N E E E
= £ E | | | o
o [ [ [ [
(=] N N N N )
X C o o =3 o o
n.w — — —— —~ e
©
d — N o <t Yo
N o o a o o
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T 1 1
o o % <+ o o o
— N ] o —
o
o I ? 2 o o
S o o O o =
n O o un
I © - o o
- o o | o
o o | o o o
—
| — ﬁnﬂ mlu
T o o o
®» ¢ o o £ 8 - o
o .= ZE
o
L ] L ]
Il I
— N
~ [
o —

w/2, g3 =0, and q, = 0},

{a

constraints are defined as =0y, = 2w, Pe :
—m/4 = g, =< 5n/4, 0= g3 = 5. Using Denavit—Harten-

berg, the sweep is given by

Unilateral

|

—5sings cosq; sing, sing, — 5 sings sing; cosqg, + 5 cosg; cosg,c0sgs + 15 cosg, cosq, + gz C0SF;CO0Sqy
5 cosq, sing, Sings + 5 sing, cosgs + 15 sing, + g sing, + 25

—5sings sinq; sing, sing, + 5 sings cosq; cosq, + 5 sing; cosq, cosgs + 15 sing;cosq, + gz Sing, cosq,

|

SC)

S

T TS IE TSI LIS IIES :
LRI DI ELRI IS ETITE
ELIFEEEES I EITAFIES:

Fig. 17. (a) The updated part due to a design variation. (b) Effect of changing the DH-parameters.
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I'(q;)

(b)

Fig. 18. (a) Revolving of a curve about two axes. (b) Resulting solid model.

p;: {g3=5, q,=0, and g5 = 0} Note that hypersurfaces duepg, andp,, are parametrized
in three variables(q;, 0,, and q,) indicating coupled
singular behavior. A cross section of the workspace of the
Pg: {Qz=m/2, gz =5, andq, =0}, 5-DOF manipulator depicting all singular surfaces is shown
in Fig. 21.

Po: {0x=—7/4, q3=0, and q, = ©/2}

Pwo: {d=—m/4, gz =5, andq, = 7/2} 5. Conclusions

A mathematical formulation and a representation

: =0 andgs = w/2 ! .
Pu1: {Gs G5 = m/2} method are demonstrated for the creation of solid
models. It was shown that the Denavit—Hartenberg repre-

P12: {0z =5 and g = w/2} sentation method adopted from kinematics is well suited for

L. Baas

LUETE 33
10
10 10

[APEET] -10 y Lo

@) (b) ©

Fig. 19. (a) Atz= 1.0. (b) Atz=5.0. (c) Atz= 10.0.
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Fig. 20. The solid model.

581

54

4

34

204 § =

104
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Fig. 21. Swept volume.

the representation of solid models that are created as a resulAppendix

of multiple of sweep (combination of revolve and extrude)
operations.

For a given non-squax8 + n + m) X 2(n + m) Jacobian

In CAD systems, it is often the case that a designer defined as

starts with a simple geometric entity and applies a
number of consecutive sweeps to produce a desired

shape. While various transformation vectors can be usedHa = |

to represent the resulting set, the DH representation
method permits the designer to study a design change
corresponding to a variation in one of the parameters.
As a solid modeling method, the DH formulation can

(AD
aa

There exist two conditions for determining varieties of the
manifoldH.

be used as a preprocessor to the sweep formulationl. The upper left3x (n+ m)) corner matrix ofHg- is

in a CAD environment. An experimental computer
code wusing Mathematia was implemented for
demonstration purposes but has been shown to have
highpotential for implementation into CAD/CAM
software.

In this formulation, it was shown that consecutive
sweeps are systematically modeled using the DH repre-
sentation method. The DH method relates any two such
sweeps by only four parameters (four basic transforma-
tion matrices). This minimal representation makes it
easier for addressing multiple sweeps and simplifies
the computations. Parameter limits imposed in terms
of inequality constraints are also taken into considera-
tion where inequalities are converted to equalities
through the introduction of slack variables. It was
shown that the implicit function theorem applied to
the non-square Jacobian delineate two types of singular
sets. It was also shown that these sets when substituted
into the position vector characterize equations of vari-
eties of the manifold. Because of the closed-form equa-
tions describing the boundary of the solid model, it is
possible to compute mass properties using the Diver-
gence theorem. While this formulation does not replace
existing methods of solid modeling, it is a preprocessor to
a solid modeler that has the capability for generating solids
from sweep operations.

row rank deficient, i.e. Rarig;) <3, i.e.k=1,2, or

3. Solutions of the resulting; equations of all three
conditions are sets of constant generalized coordinates
denoted byp; and are characterized by the following
set

de(ﬁihjhk)l
=0, for i,j,k
de(ﬁiﬁjﬁk)n

=lL.n+mandi#j#kr i=212..,8 (A2

where #; denotes a column of the matri¥, =
[hihif] and p; is a subset of q such that
q' =[piu'], i.e. u" contains the remaining non-
constant generalized coordinates. A variety of the mani-
fold is defined by

&u) = &pi,w (A3)
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2. When certain parameters are at their limits there will
be one zero row (one zero column) d3. The corre-
sponding diagonal elements in matdy will be equal
to zero. Therefore, ify, g;, and g are at their limits,

(e.g. g =q™") the diagonal elements of], will

be zero. Thus, the row-rank deficiency laf. depends

on

§Q1 &Ji qu §Qk §Qn
0 1
Aq = (A4)
0 1
0 1 0
which is a (7X(n+m)  matrix, with
[, G, gl = [A™, q™, q¢™]. The solution to this

submatrix’s row-rank deficiency condition is equiva-
lent to solving the rank-deficiency for

[gq @ [gqi’ gqj’ qu]]:
(A5)

limit

=q

with ¢ g =q™, dgo=ag™

where the notatiof® represents the exclusion of the right
matrix from the left matrix. Define a new vectoq™ as a
sub-vector ofy, composed of joint coordinates that have
reached their limits, i.eaq™ = (g™, g™, g™, ...
and 1= dim(3g"™) =< (n+ m— 3). Since aq"™ is a
constant vector, the remaining variablegjiare denoted

by w' such that

q=w", ©q™"", andwn oq™ = ¢ (AB)

If Hy,(w, ag'"™) is row-rank deficient, the sub-Jacobian
Hq will also be rank-deficient. Let the solution for
the rank deficiency oH,, be § which is a constant
sub-vector ofw, andw = [u',§']". The constant singu-
lar set is defined ap, = [§U 99"™] and the variety is
again

&) = &pi,w) (A7)
For the case when di@g"™) < (n + m— 2), a combi-
nation of parameters at their limits is taken.
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