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ABSTRACT

A common hypothesis is that plaque accumulation in curved
vessels is biased towards the inner bend of the curvature
rather than the outer bend of the curvature. This bias in
circumferential plaque distribution is likely associated with
lower wall shear stress on the inner bend of the curved ves-
sel. We quantitatively analyzed this effect in a set of 37
in-vivo human coronary artery segments from 31 patients.
Three-dimensional models of the arteries were generated
by an established system for fusion of image data from X-
ray angiography and intravascular ultrasound. Our results
showed that the hypothesis held in the majority of vessels
(p< 0.001), and that the effect increases with curvature.
However, no evidence could be found for a direct relation-
ship between plaque distribution and curvature in complex
vessel geometries, thus motivating a more detailed analysis
of wall shear stress patterns and their impact on circumfer-
ential plaque distribution.

1. INTRODUCTION

The progression of cardiovascular disease as a function of
local hemodynamics and plaque morphology in human vas-
culature is of increasing interest [1, 2]. As is frequently ob-
served, plaque is not distributed homogeneously and tends
to be circumferentially asymmetric (Fig. 1). The purpose
of this study was to evaluate if there is a direct relation-
ship between the circumferential plaque distribution and lo-
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cal vessel curvature. We have developed a comprehensive
system for the fusion of images from biplane angiography
and intravascular ultrasound (IVUS), resulting in geomet-
rically correct 3-D or 4-D (3-D + time) models of a vessel
(Fig. 2). These models can be utilized for accurate hemody-
namic and morphologic analyses [2–5]. The local wall shear
stress tends to be lower on the inner bend of a curved vessel
(“inner curvature”) than on the outer bend (“outer curva-
ture”) [2, 6]. Therefore, plaque in native coronary arteries
should accumulate more on the inner curvature of a vessel
segment as compared to the outer curvature of the vessel.
This hypothesis can frequently be confirmed visually in the
reconstructed 3-D models obtained from fusion (Fig. 3). In
the following sections, we will present a quantification of
this effect in a set of patients from the University of Iowa
Hospitals & Clinics and Brigham & Women’s Hospital.

2. METHODS

The basis of this analysis is the previously developed fu-
sion system that utilizes X-ray angiography and IVUS to
generate a geometrically correct 3-D model of a vessel seg-
ment. This system is described in detail elsewhere [2–4],
thus only a brief overview of it will be given. This paper
focuses on the determination of local plaque thickness, cur-
vature indices, and the classification of vessel regions that
either confirm or do not confirm the given hypothesis.

2.1. 3-D fusion

The pullback path of the IVUS catheter as well as the vessel
lumen outline are extracted from the angiograms (Fig. 3).
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Fig. 1. This IVUS frame from an in-vivo human left anterior
descending artery shows the asymmetry in circumferential
plaque distribution, but does not give any information about
the axial orientation of the frame.

Accurate cross-sectional information is obtained by seg-
mentation of the lumen/plaque and media/adventitia con-
tours from IVUS. The desired 3-D model is derived by
mapping the segmented IVUS contours into 3-D space ac-
cording to the 3-D reconstructed pullback trajectory, and
by using the angiographic vessel outline as a reference for
the absolute orientation of the IVUS frames [3]. For this
study, only frames of the end-diastolic phase were used.
The cross sections of the 3-D model are oriented perpen-
dicularly to the pullback path of the IVUS catheter, which
does not necessarily correspond with the vessel centerline.
Therefore, the contours are resampled according to the cen-
troids of the media/adventitia contours in a post-processing
step. In each frame, the centroids are calculated for both lu-
men/plaque and media/adventitia contours. Connecting the
media/adventitia centroids of all frames yields the centerline
of the vessel that is used to perpendicularly resample the
contours, thus ensuring that plaque-thickness and curvature
analyses are not distorted by the non-orthogonal orientation
of the IVUS catheter.

2.2. Local plaque thickness and curvature indices

To obtain the plaque thickness from the two 3-D contours,
radial lines are used that connect the vessel centroid to each
contour point in each frame (Fig. 1). Instead of the abso-
lute thickness values, the plaque distribution is expressed
relative to the average plaque thickness within each frame.
Thus, the resulting values reflect the circumferential plaque

Fig. 2. Fusion between biplane angiography and IVUS cre-
ates a 3-D model of the lumen and adventitia surfaces by
placing the IVUS frames in their geometrically correct lo-
cation and orientation.

Left Circumflex

Left Anterior Descending
Left Main

Fig. 3. The angiogram depicts the lumen of this left coro-
nary artery, with the IVUS catheter inserted, and the lines
marking the range of the pullback; below the reconstructed
3-D model showing the two surfaces and the plaque thick-
ness as color coding, the arrows mark plaque accumulations
at the inner curvatures.

distribution within each frame. All vertices (here: pairs of
lumen and adventitia border points) are annotated with their
respective absolute and circumferential plaque thickness.

The definition of a local curvature index consists of two
steps: (1) determining the local curvature at each frame;
(2) determining the curvature indices for each circumferen-
tial point within that frame. Differential geometry delivers
a set of three orthonormal unit vectors (Frenet frame [3])
for each point on a curved line:~t (tangent);~n (normal); and
~b (binormal). The curvatureκ and the torsionτ are the an-
gular velocities of the vectors~t and~b, respectively. Since
vessel torsion is not considered here, we are mainly inter-
ested in the curvatureκ and the direction of the curvature
indicated by its normal~n. With ~c(s) specifying the point
[x(s), y(s), z(s)] of centerlinec at locations,
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~c ′′(s) = ~t ′(s)
= κ(s)~n(s)

=⇒ κ(s) = ‖~c ′′(s) ‖
~n(s) = ~c ′′(s) / κ(s)

where the tangent~t(s) = ~c ′(s) is the first derivative and
~c ′′(s) is the second derivative ofc over the arc lengths.
The normal vector~n(s) always points towards the origin of
the radius of curvature, thus indicating the inner curvature
on the circumference. Complementarily,κ(s) is a measure
of the magnitude of the curvature. To combine the magni-
tude and direction of the curvature, thereby differentiating
between inner and outer curvature, we defined a scalarcur-
vature indexκidx(s, i) for each pointi at the frame loca-
tion s (Fig. 4). A positiveκidx(s, i) indicates inner curva-
ture, a negative index outer curvature, and an index close
to zero applies for points on the sides of the curved vessel
segment, i.e., perpendicular to~n(s). The maximum (most
positive) curvature index and the minimum (most negative)
curvature index depend directly on the magnitude of the cur-
vatureκ(s) for that frame. The circumferential position of
the vertex point indicating the inner curvature is obtained
by projecting the unit normal vector~n(s) on the respective
frames. To determine the circumferential position of thei-
th point relative to the inner curvature reference point, a vec-
tor ~v(s, i) is defined from the centroid~c(s) to thei-th point
of the lumen contour~f(s, i) of the IVUS frame at locations.
Finally, κidx(s, i) can be obtained using the dot product:

~v(s, i) = ~f(s, i)− ~c(s)

κidx(s, i) = κ(s)~n(s) ·
(

~v(s, i)
‖~v(s, i)‖

)

Differential geometry assumes thatc is a continuous and
unit-speed curve, which is not the case. Instead, the 3-D
model that was created during the fusion step is discrete in
both radial and longitudinal dimensions. Thus, a discretiza-
tion needs to be taken into account, and a discrete version
of the Frenet–Serret formulas was utilized. Also, smoothing
was applied for both the 3-D models and for the calculation
of the normal vectors~n. A comprehensive discussion on the
determination of curvature and torsion in vascular structures
is presented in [7].

2.3. Combining plaque thickness and curvature indices

To categorize each vertex point according to its respec-
tive plaque thickness and curvature index, four regionsRxy

were defined. The subscriptx distinguishes betweena
(“above average”) andb (“below average”) for the rela-
tive plaque thickness, whereasy is set to i (“inner cur-
vature”) for κidx(s, i)≥ 0 and too (“outer curvature”) for

0

0

+κ

−κκ =idx

n

Fig. 4. Definition of the circumferential curvature index
κidx derived from the local curvatureκ and the projected
normal vector~n for a specific IVUS frame.

κidx(s, i) < 0. Thus, four regionsRai, Rao, Rbi, andRbo

are obtained. It is also necessary to define a fifth region
Rn for “neutral” to indicate regions of low curvature that
are excluded to prevent incorporating small perturbations
in the results. A vertex point is categorized asRn if its
curvature index is below a specified curvature thresholdT
(i.e., |κidx(s, i)| < T ).

For the hypothesis to hold, the combination of theRai

andRbo should outweigh the combination ofRao andRbi,
thus implying that plaque is accumulating more at the inner
curvature and less at the outer curvature. A ratior is calcu-
lated to indicate the relative number of vertices that satisfy
the hypothesis and which are not in the “neutral” regionRn:

r =
‖Rai + Rbo‖

‖Rai + Rao + Rbi + Rbo‖

with r≥ 0.5 implying that‖Rai + Rbo‖ ≥ ‖Rao + Rbi‖.

3. RESULTS

The analysis was performed on 39 in-vivo pullbacks in 37
human coronary vessel segments from 31 patients that were
routinely imaged at the University of Iowa Hospitals and
Clinics or Brigham & Women’s Hospital. The fusion pro-
cess described in Section 2.1 was performed for 14 right
coronary arteries, 13 left anterior descending arteries, and
10 left circumflex arteries, with pullback lengths ranging
from 41.9 mm to 122.5 mm. The ratior was determined
for 12 different curvature thresholdsT , which were empiri-
cally selected as a function of the maximum curvature over
all pullbacks. Thus, 468r-values were calculated in total.
Over 39 pullbacks, 10.2% (forT = 2.31◦/cm) to 78.3% (for
T = 22.94◦/cm) of the vertex points were excluded and as-
signed to the regionRn. Furthermore, vessel portions lo-
cated in branches, or areas for which strong calcifications
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Fig. 5. With increasing curvature thresholdT , the ratior
of vertices for which the hypothesis holds increases as well;
the standard deviation (bars) also increases withT .

or dense plaque prevented an accurate segmentation of the
borders, were excluded from the analysis. Separate sets of
calculations were performed, in which stented areas were
either included in or excluded from the analysis.

The hypothesis held forr≥ 0.5 in 367 (78.4%) of the
468 calculations with stented areas included, and in 349
(74.6%) of 468 calculations with stented areas excluded. In
29 of 37 vessel segments, the hypothesis held for at least
half of the thresholds (i.e.,r≥0.5 was true for at least 6
of the 12T -values for each of these vessel segments). In 6
of 37 vessel segments (16.2%),r≥0.5 was not satisfied for
anythresholdT . Consistently,r≥ 0.5 held for the averages
over all vessel segments, which is statistically significant for
all T (p< 0.001), andr increased along withT (Fig. 5). An-
other observation is that the standard deviation ofr over all
39 pullbacks increased from 0.109 (T = 2.31◦/cm) to 0.183
(T = 22.94◦/cm, with stents), in accordance with the obser-
vation thatr frequently decreases with increasingT in seg-
ments with overall lowr-ratios. The comparison of ther-
value distribution in calculations that included stented areas
vs. those in which stented areas were excluded showed no
statistical difference (p> 0.20 forT ≥ 6.86◦/cm).

4. DISCUSSION AND CONCLUSIONS

The presented study suggests that the observation of cir-
cumferential plaque distribution being biased towards the
inner curvature of a coronary artery is valid in the major-
ity of vessels, with the limitation of a relatively small num-
ber of subjects (37 patients) analyzed thus far. These re-
sults are in accordance with in-vitro experiments in curved
tubes [2, 6] and confirm previous studies on a subset of
12 patients [8].

It seems likely that the results depend on the artery be-
ing examined. For example, values ofr > 0.9 were obtained
in only 6 vessel segments, all of which were left anterior de-
scending arteries. As compared to the other main arteries,
this artery is usually less tortuous and has a relatively con-

stant curvature. In contrast, pullbacks starting in secondary
branches (such as diagonal or obtuse marginal vessels) with
small diameter consistently measured 0.3<r < 0.6.

While the hypothesis in general holds in vessels with
overall smooth curvature, it fails in more complex vessel
geometries with high non-planar tortuosity. In these ves-
sels, blood flow patterns (and therefore shear-stress distri-
butions) are quite complex and no longer correspond to the
simple curved-tube model. Therefore, it is essential to in-
clude shear-stress calculations in further analyses. We have
shown that wall shear stress can be calculated from the 3-
D arterial models obtained from fusion, and that they can
be performed with high reproducibility [2,5]. Therefore, an
extension of the curvature/plaque-thickness analysis by wall
shear stress seems feasible and is currently in progress.
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