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Abstract 
 
A visco-plastic deformation model is used to predict thermal 
stresses during casting of binary Mg-Al alloys. The predictions 
are compared to experiments that allow for the measurement of 
contraction forces during solidification and cooling. These force 
measurements, together with estimates from data found in the 
literature, are used to obtain the high-temperature mechanical 
properties needed in the stress model. The simulation results show 
generally good agreement with the measurements. The coherency 
and yielding behavior of the semi-solid material during 
solidification is investigated in some detail. It is found that 
coherency starts at a solid fraction of about 0.5 and that the 
maximum tensile stress at the final solidification temperature is 
1.5 MPa and 4 MPa for Mg-1 and 9wt.%Al alloys, respectively. 
 

Introduction 
 
Castings of magnesium alloys are often prone to hot tearing 
defects. Hot tears form during solidification due to tensile strains 
that create volume deficits in the semi-solid mushy zone. These 
volume deficits become hot tears when the solid fraction is high 
enough that they cannot be fed by the remaining liquid. Recently, 
an attempt has been made to numerically simulate the 
deformations and stresses during permanent mold casting of an 
AZ91 magnesium alloy in order to predict hot tears [1]. Such 
modeling requires the knowledge of the constitutive (stress-strain) 
behavior of the magnesium alloy over the entire range of 
temperatures and strain rates encountered in casting. In addition, 
the mechanical behavior of the semi-solid mushy zone needs to be 
modeled accurately, since hot tears form in this region. 
Unfortunately, the constitutive behavior of magnesium alloys at 
high temperatures, including the solidification interval, is largely 
unknown, and the modeling study of Ref. [1] had to rely on 
relatively crude estimates of the mechanical properties. 
 
Mechanical property data for Mg-Al alloys are rather limited, 
because measurements where the specimens were heat treated or 
contained porosity (e.g., die cast specimens) must be excluded. 
Some studies have been identified that report measurements of 
mechanical properties of as-cast Mg-Al alloys at room and 
elevated temperatures [2-10]. The data in Refs. [2-10] are all 
limited to temperatures well below the solidification range of the 
magnesium alloy under consideration. Very recently, Hu et al. 
[11] reported measurements of the constitutive behavior of an 
AZ31 alloy in the semi-solid stage. As-cast specimens were 
reheated and pulled in a Gleeble machine. Hu et al. obtained a 
relation for the maximum tensile stress as a function of 
temperature. The maximum stress at the solidus temperature of 
the AZ31 alloy was measured to be 13 MPa. For higher 
temperatures, the ductility and strength of the semi-solid alloy 
were found to continually decrease. The ductility reached 
essentially zero at a solid fraction of 0.95, whereas the strength 
decreased to zero at a solid fraction of 0.87. While these data are 

valuable, they are not sufficient for modeling the deformation of 
mushy zones of magnesium alloys. Also, some questions remain 
with respect to the use of a reheating technique: the solid fraction-
temperature relationship during reheating is likely to be different 
from that during solidification. 
 
In the present study, force measurements from specially designed 
casting experiments are used to calibrate a visco-plastic 
constitutive model for Mg-Al alloys. In the experiments, 
measurements are performed of the evolution of the temperature 
and the contraction force during solidification and cooling of a 
restrained rod-shaped casting in a steel mold. Experiments are 
conducted for two binary magnesium alloys and several initial 
mold temperatures. The experiments are then simulated in order to 
predict the measured temperatures and forces. The stress 
simulations use, as much as possible, mechanical property data 
extracted from Refs. [2-10]. The initial yield stress (at zero visco-
plastic strain and strain rate) variation of the magnesium alloys at 
temperatures above 300°C is then determined by matching 
measured and predicted contraction forces. The comparisons with 
the experimental measurements yield considerable insight into the 
constitutive behavior of semi-solid magnesium alloys. 
 

Experiments 
 
A schematic of the experimental test setup is shown in Fig. 1. The 
casting consists of a 148 mm long horizontal rod with a vertical 
sprue on one end through which the casting is poured.  The 
diameter of the circular rod is 12.4 mm at the sprue end and 10 
mm at the opposite end.  At the opposite end, a 53 mm long steel 
rod with a 6 mm diameter is inserted into the casting.  This steel 
rod extends out of the mold and is connected to a load sensor that 
measures the force that acts on the rod as the casting contracts. 
The mold, which is made of steel, and the load sensor are 
connected to a rigid steel platform. Several thermocouples are 
used to monitor temperatures. 
 
Experiments were conducted for binary magnesium alloys 
containing 1 and 9 wt.%Al, each with initial mold temperatures 
(Tmold) of 250°C, 350°C and 500°C. All castings were poured with 
a superheat of 80°C and a fill time of 5 s. The castings were 
allowed to cool in the mold until the temperature of the 
thermocouple located at the junction between the sprue and the 
rod reached 300°C. In the experiments with the lower initial mold 
temperatures, extensive hot tears were found at the sprue-rod 
junction after the casting was removed from the mold. 
 
An example of temperatures measured at the sprue-rod junction 
during one of the experiments is shown in Fig. 2. The temperature 
vs. time data were converted to cooling rates, and the peaks in the 
cooling rate curves were used to obtain measured nucleation (Tnuc) 
and final solidification (Tsol) temperatures. This data is 
summarized for each of the six experiments in Table 1. For the 
lower two mold temperatures, the initial cooling rates were too  
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Figure 1. Schematic of the experimental test setup. 

 

 
Figure 2. Measured temperatures and cooling rates at the sprue-

rod junction during the experiment with a Mg-1wt.%Al alloy and 
an initial mold temperature of 500°C. 

 
high to detect the nucleation peak. Table 1 shows that the final 
solidification temperature for the Mg-1wt.%Al alloy increases by 
87°C for the initial mold temperature increasing from 250°C to 
500°C. This can be attributed to the cooling rate during 
solidification decreasing with increasing Tmold . A lower cooling 
rate allows for more back-diffusion of Al in the primary solid 
during solidification. The final solidification temperature for the 
Mg-9wt.%Al alloy represents the temperature at which the 
eutectic forms. As expected, this temperature does not vary 
appreciably with cooling rate. No eutectic forms in the Mg-
1wt.%Al alloy. 
 

Table 1. Measured nucleation and solidification temperatures. 
 

 Mg-1wt.%Al Mg-9wt.%Al 
Tmold (°C) 250 350 500 250 350 500 
Tnuc (°C) NA NA 649 NA NA 604 
Tsol (°C) 527 559 614 421 422 425 
 

Thermal Simulations 
 
A thermal simulation of each experiment, including the filling 
process, was performed using the software MAGMAsoft [12]. 
The necessary thermo-physical properties and solid fraction-
temperature curves, ( )sg T , for each alloy were obtained from 
JMatPro [13]. The liquidus temperatures predicted by JMatPro are 
equal to 645°C and 604°C for the 1 and 9 wt.%Al alloys, 
respectively. These values compare favorably with the measured 
nucleation temperatures (Tnuc) listed in Table 1. The solidification 
path was calculated using the Scheil model in JMatPro. For the 
Mg-9wt.%Al alloy, the predicted eutectic temperature is 437°C. 
This value is between 12°C and 16°C higher than the measured 
final solidification temperature for this alloy in Table 1. 
Nonetheless, the agreement was considered sufficient for the 
purpose of the present simulations. For the Mg-1wt.%Al alloy, the 
strong variation in the measured final solidification temperature 
(Table 1) was modeled by choosing different cut-off solid 
fractions in JMatPro. JMatPro readjusts the final portion of the 

( )sg T  curve to smoothly approach a solid fraction of unity at the 
temperature of the cut-off. This allows for exact matching of 
measured and predicted final solidification temperatures. The cut-
off solid fractions were found to be 1.16%, 1.68% and 5.9% for 
the initial mold temperatures of 250°C, 350°C and 500°C, 
respectively. This procedure is only approximate, but results in 
realistic ( )sg T  curves for each initial mold temperature. 
 
Another important input in the thermal simulations is the variation 
of the interfacial heat transfer coefficient (IHTC) between the 
mold and the metal as a function of temperature. The IHTC 
variation was determined in a trial-and-error process where the 
IHTC was varied until good agreement between the measured and 
predicted temperatures at the sprue-rod junction was obtained. 
The IHTC variation that was found to give the best agreement can 
be described as follows: a constant value of 7,000 W/m2K from 
the pouring temperature down to Tsol; below Tsol, a cubic decrease 
with temperature over a temperature interval of 50°C and 20°C 
for the 1 and 9 wt.%Al alloy experiments, respectively, to a 
certain final value; a constant final value of 200 W/m2K and 400 
W/m2K for the 1 and 9 wt.%Al alloy experiments, respectively, 
down to room temperature. 
 
As shown in Fig. 3 for two of the experiments, generally good 
agreement is obtained between the measured and predicted 
temperatures at the sprue-rod junction. The relatively minor 
disagreements in the cooling rates at certain times could have 
been reduced by further adjustments in the IHTC, but the present 
agreement was deemed acceptable. Figure 4 shows an example of 
a predicted solid fraction field in the casting at an intermediate 
time during solidification. The lowest solid fraction occurs in the 
lower center portion of the sprue, which represents a hot spot. In 
the horizontal rod section, the solid fraction increases with 
increasing distance from the sprue. Hence, the solid fraction is 
always lower at the sprue-rod junction than at the end of the rod 
where the steel rod is inserted for the force measurements. 
 
With the knowledge of the evolution of the solid fraction field, the 
measured contraction force can now be plotted as a function of the 
solid fraction at any chosen location in the casting. As an 
example, Fig. 5 shows the force measured in the Mg-9wt.%Al, 
Tmold = 500°C experiment against the solid fraction at the two 
locations indicated in Fig. 4: the sprue-rod junction and the end of  
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(a) 

 
(b) 

 
Figure 3. Comparison of the measured and predicted temperatures 

and cooling rates for an initial mold temperature of 500°C: (a) 
Mg-1wt.%Al, (b) Mg-9wt.%Al. 

 
 

 

 
Figure 4. Predicted solid fraction field at a time when the solid 
fraction at the sprue-rod junction reached a value of about 40% 

(Mg-9wt.%Al, Tmold = 500°C). 

 
 

Figure 5. Measured and predicted forces as a function of solid 
fraction at the two locations indicated in Fig. 4 (Mg-9wt.%Al, 

Tmold = 500°C). 
 
the rod section. It can be seen that considerable tensile forces 
build up when the alloy in the rod section of the casting is still in a 
semi-solid state. In fact, the force starts to increase from zero 
(ignoring the negative offset from the load cell) when the solid 
fraction at the sprue-rod junction is approximately 50% (pink 
line). At the same time, the solid fraction at the end of the rod 
section, where the steel rod is inserted, is around 75% (green line). 
This indicates that the onset of coherency of the mush is between 
40% and 50% solid fraction. These values are much lower than 
the 87% zero strength solid fraction measured in the reheating 
experiments of Hu et al. [11] for an AZ31 alloy. Figure 5 shows 
that with increasing solid fraction, the strength of the mush 
continues to build up. These variations are further examined 
below when the measurements are compared to the predictions of 
the stress model. 
 

Stress Model 
    
The stress simulations of the experiments were performed using 
the model by Monroe [14, 15]. This model is similar to previously 
developed deformation and hot tear models for casting 
solidification (e.g., [16, 17]), and is only briefly summarized here. 
Neglecting forces due to gravity and interactions with the liquid, 
the effective stress tensor for porous solids, σ , is governed by 
 
 0∇ ⋅ =σ  (1) 
 
The total strain is given by the sum of the thermal, elastic and 
visco-plastic strains as th e vp= + +ε ε ε ε . The thermal strain is 
calculated using the density of the solid as a function of 
temperature provided by JMatPro. The measured forces shown in 
Fig. 5 indicate that thermal contractions take place even when the 
alloy is still in a semi-solid state. Therefore, the thermal strain is 
integrated starting at a temperature that corresponds to a certain 
solid fraction, th

sg , below unity. Based on the work of Stangeland 

et al. [18], th
sg  was estimated to be equal to 0.94 and 0.84 for the 

1 and 9 wt.%Al alloys, respectively. By choosing 0.84th
sg =  for 

the Mg-9wt.%Al alloy, the relatively large density change 
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associated with the formation of the eutectic is taken into account. 
The elastic strain is determined using Hooke’s law. The elastic 
stiffness tensor is defined in terms of the Young’s modulus, E , 
and the Poisson ratio, ν . For temperatures above Tsol, these 
elastic constants are reduced according to [19] 
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where coh

sg  is the coherency solid fraction, and sE  and sν  are the 
Young’s modulus and Poisson ratio, respectively, of the solid. 
According to the discussion of Fig. 5, the coherency solid fraction 
is taken to be 0.5coh

sg = . The visco-plastic strain is obtained from 
an associative flow law 
 

 vp Yfγ ∂=
∂

ε
σ

   (4) 

 
where γ  is a scalar flow parameter. In the present study, the 
quadratic yield function, Yf , for porous material plasticity of 
Cocks [20] is adopted 
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in which the solid pressure and the von Mises stress are given by 

( ): 3p = − σ I  and 2 3q p= +σ I , respectively. The functions 

1A  and 2A  are given, respectively, by 
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where m  is the strain rate sensitivity coefficient. The scaled solid 
fraction is given by ( ) ( )coal coh coal coh

s s s s s sg g g g g g∗ ∗= − − , where 

0.85coal
sg =  is the solid fraction below which voids coalesce and 

the mush rapidly weakens. Note that when 1sg =  the above 
model reduces to a classical von Mises yield model. The dynamic 
yield stress in Eq. (5) includes both hardening and creep effects, 
and is calculated from 
 

 ( ) ( )0 0 01 1
n m

dy eq eqσ σ ε ε ε ε= + +    (8) 

 
where 0σ  is the initial yield stress, 0 0n Eε σ=  is a reference 
strain, n  is the strain hardening coefficient, and 0ε  is a 
temperature dependent reference strain rate. Due to a lack of data, 

0ε  is chosen as a constant equal to 10-5 1/s. The equivalent strain 

rate is found from the scalar dissipation of energy according to 
( ): vp

eq s dygε σ= σ ε  . The equivalent strain, eqε , is obtained by 

integrating the equivalent strain rate over time for temperatures 
below the annealing temperature. The annealing temperature is 
taken to be equal to solT . Finally, the damage porosity is obtained 
by integrating the volumetric part of the visco-plastic strain rate 
over time according to 
 

 :
d

t
vp

d s
t

g g dt= ∫ ε I  (9) 

 
where dt  is the time when the damage is initiated. In order to 
model hot tearing, dt  is usually taken as the time when the 
feeding flow is cut off [15]. However, feeding flow calculations 
are not performed in the present study, and dt  is conservatively 

taken as the time when sg  reaches coh
sg . The effect of the 

damage porosity on the mechanical behavior of the solid is taken 
into account by reducing sg  by dg  in the constitutive equations. 
 
The above stress model was implemented in a special module of 
MAGMAsoft [12]. The steel mold and rod were assumed to be 
rigid and the contact between the casting and the mold was 
appropriately accounted for. The thermal and stress simulations 
were performed sequentially. 
 

Mechanical Properties 
 
Except for the initial yield stress at temperatures above 300°C, the 
mechanical properties needed in the stress model were estimated 
from data available in the literature. Due to a lack of suitable data, 
many of these estimates should only be considered as first 
approximations. Figure 6 shows the variation of Young’s modulus 
with temperature that was used for the Mg-9wt.%Al  alloy. The 
data in Fig. 6 from Busk [3] are for a AZ91 alloy, which contains 
9wt.%Al. They were extrapolated linearly to higher temperatures; 
the variation in E above Tsol reflects Eq. (2). This method was 
used for both the 1 and 9wt.%Al alloys. Young’s modulus is not 
expected to be a strong function of composition.  
 

 
Figure 6. Young’s modulus for the Mg-9wt.%Al alloy. 
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The Poisson ratio of the solid, sν , was taken as a constant equal 
to 0.35, as no temperature or composition dependent data was 
found in the literature [4]. 
 
The strain rate sensitivity coefficient, m , variation with 
temperature was estimated by fitting a straight line to values 
obtained from the literature [2, 3, 6, 8, 9], as shown in Fig. 7. The 
same variation was used for both binary alloys of the present 
study, even though the data points are all for AZ91. Some of the 
data were determined from stress-strain curves at various 
temperatures and strain rates [2, 3, 6], while others are directly 
reported values [8, 9]. 
  

 
Figure 7. Strain rate sensitivity coefficient variation. 

 
Room temperature values for the strain hardening coefficient, n , 
and the initial yield stress, 0σ , were determined by fitting the 
binary Mg-Al alloy stress-strain curves of Cao and Wessen [7] to 
Eq. 8 (with 0m = ). The resulting variations of n  and 0σ  with Al 
content are shown in Fig. 8. From these fits, the room temperature 
0.2% offset yield stress can be calculated, the result of which is 
shown in Fig. 9. It is interesting to see that several data reported in 
the literature for the room temperature 0.2% offset yield stress of 
as-cast AZ91 [3, 5, 10] fall well within the variation obtained 
from the binary Mg-Al data of Cao and Wessen [7]. 
 
The temperature dependence of n  and 0σ  was estimated as 
follows. The strain hardening coefficient was assumed to vary 
linearly with temperature, from the room temperature value for a 
given Al content in Fig. 8(a) to zero at Tsol. The initial yield stress 
was also assumed to decrease linearly with temperature, starting 
from the room temperature value for a given Al content in Fig. 
8(b), down to a certain alloy dependent value at 300°C. This alloy 
dependent value for 0σ  at 300°C was obtained by comparing 
measured and predicted forces in the present experiments, as 
explained in greater detail in the next section. Recall that the 
experiments were terminated when the temperature at the sprue-
rod junction reached 300°C. Hence, the assumed mechanical 
property variations below 300°C have little effect on the predicted 
stress results. 
 
 

 
(a) 

 
(b) 

Figure 8. Room temperature strain hardening coefficient (a) and 
initial yield stress (b) variation with aluminum content. 

 

 
Figure 9. Room temperature 0.2% offset yield stress. 

405



Results 
 
Predicted stress, strain, and distortion results for one of the 
experiments (Mg-9wt.%Al, Tmold = 500°C) are shown in Fig. 10. 
These results are at the time when the sprue-rod junction reached 
a temperature of 300°C. It can be seen that the stresses are mostly 
confined to the rod section of the casting, where they are positive 
(tensile), relatively uniform, and in a direction along the rod axis. 
Compressive stresses, due to contact with the mold, are present 
near the sprue-rod junction and in the upper part of the sprue. The 
plastic effective strain, as well as the damage porosity, is entirely 
confined to the sprue-rod junction, which represents the weakest 
point in the casting. Figure 10(c) reveals a complex distortion 
pattern, with multiple areas where the casting contacts the mold. 
 

 
(a) x-direction stress 

 
(b) plastic effective strain 

 
(c) distortion (20x magnified) and damage 

 
Figure 10. Predicted stress, strain, and distortion results at the end 

of the Mg-9wt.%Al, Tmold = 500°C experiment. 
 
Figure 11 shows a comparison of measured and predicted stresses 
for the two experiments with an initial mold temperature of 
500°C. In these two experiments, no hot tears were observed. Due 
to space limitations, comparisons for the other four experiments, 

 
(a) Mg-1wt%Al alloy, Tmold = 500°C 

 
(b) Mg-9wt%Al alloy, Tmold = 500°C 

 
Figure 11. Comparison of measured and predicted stresses in the 

rod section of the casting, together with the initial yield stress- and 
solid fraction-temperature curves used in the simulations. 

 
which did have visible hot tears, cannot be shown here. In order to 
view the experimental results in terms of stress, the measured 
force was divided by the cross-sectional area of the rod section of 
the casting at the sprue-rod junction. The measured and predicted 
stresses in Fig. 11 are plotted against the measured and predicted 
temperatures, respectively, at the sprue-rod junction. 
 
Since the two experiments of Fig. 11 did not have hot tears, they 
were used to estimate the initial yield stress, 0σ , variation at 
temperatures above 300°C for both alloys. This was done in an 
iterative fashion, by matching the measured and predicted stresses 
below the final solidification temperature, Tsol (which is equal to 
the eutectic temperature, Teut, for the 9wt.%Al alloy). First, a 
linear variation of 0σ  with temperature was assumed between 
300°C and the liquidus temperature, Tliq. Then, multiple stress 
simulations were performed with different 0σ  variations, until a 
good match of the measured and predicted stresses between 
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300°C and Tsol was achieved. The resulting linear 0σ  variations 
for the 1 and 9wt.%Al alloys are also shown in Fig. 11. As can be 
seen, the 0σ  values are close, but not the same for the two alloys. 
At the final solidification temperature, which is very different for 
the two alloys, 0σ ≈ 1.5 MPa and 4 MPa for the 1 and 9wt.%Al 
alloys, respectively. At the same temperature of 300°C, 0σ ≈ 4.2 
MPa and 6 MPa for the 1 and 9wt.%Al alloys, respectively. 
Considering that in-situ force measurements during casting of 
magnesium alloys are difficult to perform, this data for the initial 
yield stress is quite valuable for performing stress simulations. No 
comparable data is available in the literature. Recall that Hu et al. 
[11] reported a maximum tensile stress at Tsol of 13 MPa for an 
AZ31 alloy (with 3wt.%Al and 1wt.%Zn). This value is much 
above the present range of 1.5 MPa to 4 MPa at Tsol for the Al 
content varying from 1 to 9wt.%. The disagreement casts some 
doubt on the value of reheating experiments. 
 
For the Mg-9wt%Al alloy, Fig. 11(b) shows that the agreement 
between the measured and predicted stresses remains reasonably 
good throughout the solidification range (the solidification range 
for the Mg-1wt%Al alloy is too small to make any conclusions). 
The present stress model is able to predict the reduction of the 
stress due to the presence of porous, semi-solid material. Figure 5 
shows a comparison of measured and predicted forces for the 
same experiment directly plotted as a function of the solid 
fraction. The predicted force at the sprue-rod junction does not 
increase from zero until sg  reaches about 0.7, whereas the 
measured force increases already at 0.5sg ≈ . This difference 
may be attributed to numerous factors, including uncertainties in 
the ( )sg T  relation, in th

sg , in coh
sg , and in other model equations 

and parameters. Additional work is needed to further improve this 
modeling aspect. 
 

Conclusions 
 
A visco-plastic stress model was used to simulate casting of Mg-
Al alloys. The simulations were performed for specially designed 
experiments that allow for the measurement of the contraction 
force during solidification and cooling of the casting. 
Considerable effort was devoted to determining the mechanical 
properties as a function of temperature and composition that are 
needed in the stress model. Unfortunately, not all necessary 
properties are available in the literature, and the force 
measurements are used to estimate the variation of the initial yield 
stress above 300°C for two binary Mg-Al alloys. Using these 
properties, good agreement between measured and predicted 
stresses was obtained for the two experiments that did not exhibit 
hot tears. In particular, the stress variation during solidification 
was reasonably well predicted. A comparison of measured and 
predicted stresses for the four experiments that did show hot tears 
will be presented in a future study. The ability of the present 
model to predict hot tears was already demonstrated in a separate 
study involving similar experiments [1].   
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