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Using a coordinate transform in a standard microsegregation model it is shown that the effect of
coarsening on the dilution of the liquid phase can be accounted for by adding a dimensionless
parameter a c to the back-diffusion Fourier number. Through theory, for the case of parabolic growth,
and numerical experiments for the constant cooling rate, it is shown that a constant value of a c 5
0.1 is a sound choice across a wide range of casting and alloy conditions. This finding allows for
the development of a unified model for microsegregation and coarsening. In particular, previous
approximate microsegregation models can be readily modified to account for coarsening.

I. INTRODUCTION dilution), the amount of eutectic that forms will be larger
than that formed with a large back-diffusion (large dilution).DURING the solidification of a dendritic alloy, the sol-
There are, however, other micro scale mechanisms besidesute rejected at the solid/liquid interface is redistributed, at
back-diffusion that control the dilution of the liquid phase,the local scale of the secondary dendrite arm spacings (10
in particular the coarsening of the microstructure. In general,to 100 mm), by mass diffusion or convection. This process,
it is not correct to assume that the characteristic length scalereferred to as microsegregation, controls the composition of
of the microstructure is constant. A more complete modelthe microstructure and the fraction of eutectic or other phases
would account for the coarsening of the microstructure, mea-that form. The closed-form, limiting models are the lever
sured by the secondary arm spacings, that typically followsrule (complete mixing in the solid and liquid phases) and
a time t1/3 dependence.[9]

the Gulliver–Scheil equation (complete mixing in the liquid,
To understand how coarsening dilutes the liquid phase,no diffusion in the solid.[1] When the microstructure can be

consider a representative elemental volume (REV) in thecharacterized by a fixed length scale (usually a secondary
two-phase mushy region of a solidifying alloy (Figure 1).arm spacing), modifications of the Gulliver–Scheil equation
As the microstructure coarsens, new liquid is introducedthat account for finite-rate diffusion in the solid phase (so
into the REV. If there is no macroscopic transport of solute,called back-diffusion) have been presented in the literature.
in order to maintain a constant average composition in theSpecific examples can be found in References 2 through 5
REV, this incoming liquid is at the average composition andand a complete review in Kraft and Cheng.[6] Typically,
dilutes the liquid phase in the REV, which in a binary eutecticthese models consist of an explicit expression for the solute
alloy reduces the amount of eutectic formed. Note that thisconcentration at the solid-liquid interface in terms of the
dilution occurs even in cases where there is no back-diffusionlocal solid fraction. Most models are semianalytical in
in the solid.nature, based on an approximation for the diffusion behavior

In light of this, it is reasonable to expect a more completein the solid. An exception is the work of Kobayashi,[7] who
model of microsegregation in alloy solidification to includedevelops an exact solution for the solid-state diffusion under
the effects of both back-diffusion and coarsening. To date,the assumption of a parabolic growth rate for the solid. In
in terms of analytical models, the effect of coarsening hasall models, the solid-state diffusion is characterized by the
only been accounted for in the limiting case of no back-Fourier number, as follows:
diffusion, by Mortensen.[10] Most microsegregation models
that include both back-diffusion and coarsening are restricted

a 5
DtF

X 2 [1] to full numerical solutions of the solid-state diffusion equa-
tion and solute balance over a deforming domain—usually

where D is the mass diffusivity in the solid, X is a length a representative coarsening secondary arm spacing in the
scale usually taken to be equal to half the secondary arm REV. Examples of this type of modeling can be found in
spacing, and tF is the local solidification time. the work of Roosz et al.,[11] Ogilvy and Kirkwood,[12] Battle

Microsegregation models are useful components in large- and Pehlke,[13] and Voller and Sundarraj.[14] Recently, how-
scale models of alloy solidification systems (refer to Refer- ever, there have been some departures from a full numerical
ence 8 for a review). In this context, a main role of a micro- solution. Yoo and Kim[15] approximate the back-diffusion
segregation model is to provide an estimate of the dilution by assuming a quadratic solute profile in the solid and solve
(assuming a partition coefficient of less than unity) of the the resulting solute balance equation with an ordinary differ-
liquid phase due to the back-diffusion into the solid. In ential equations solver. Voller[16] also uses a profile assump-
binary eutectic alloys, the dilution will affect the amount of tion for the solid but, unlike Yoo and Kim,[15] arrives at a
eutectic phase that forms. If the back-diffusion is low (small fully analytical model by assuming a particular form for the

domain coarsening.
The focus in the current article is to show that the effect

V.R. VOLLER, Professor, is with the Saint Anthony Falls Laboratory, of coarsening can be accounted for in a conventional micro-
Department of Civil Engineering, University of Minnesota, Minneapolis, segregation model (i.e., without coarsening) by an additionalMN 55455. C. BECKERMANN, Professor, is with the Department of

back-diffusion term. This results in a net diffusion processMechanical Engineering, The University of Iowa, Iowa City, IA 52242.
Manuscript submitted August 18, 1998. characterized by the following back-diffusion parameter:

METALLURGICAL AND MATERIALS TRANSACTIONS A VOLUME 30A, AUGUST 1999—2183



diagram are straight, and the equilibrium partition coeffi-
cient, k, is a constant. Equilibrium is maintained at the solid-
liquid interface; i.e., Ci

S 5 kCl, and because of the relatively
rapid rate of heat diffusion the temperature in the REV
is uniform.

The system represented by the REV is closed; i.e., the
averaged composition inside the REV during solidification
remains fixed at the initial composition, C0. Primary solidifi-
cation is terminated when the eutectic composition Cl 5
Ceut is reached, and at this point, the remaining liquid frac-
tion, feut, forms a eutectic phase. Solidification in the REV
is controlled in one of two ways: (1) the growth of the solid
in the REV is parabolic, as follows:

f 5 !t [4]

or (2) the REV is cooled at a constant rate, which in light
Fig. 1—Microsegregation with arm coarsening.

of the aforementioned assumptions implies the following:

dCl

dt
5 Ceut 2 C0 [5]

a+ 5 a 1 a c [2]

Note that in the parabolic model, if a eutectic reaction iswhere a c is an additive enhancement to the standard Fourier
reached, the end of the primary solidification will occur atnumber a that accounts for the back-diffusion like contribu-
a time t , 1. However, by the specification of the model intion from coarsening. Equation [2] is important because the
Eq. [5], the constant cooling rate model will always terminateeffect of coarsening can be included in any microsegregation
with the eutectic reaction at t 5 1.model by simply replacing the Fourier number a with the

parameter a+. Further, it will be shown that across a wide
range of solidification conditions, when the coarsening pro-

B. The Solute Balance in a Fixed Microstructurecess goes as t1/3, the additive enhancement of the Fourier
number is constant, taking a value close to a c 5 0.1. The solute balance in a fixed half-arm spacing can be

written as follows:

II. THE CONCEPT OF A BACK-DIFFUSION eXs

0
Cs dx 1 XlCl 5 XC0 [6]

PARAMETER

where Xs and Xl are the lengths of the solid and liquidThe form of the back-diffusion parameter proposed in Eq.
portions, respectively, and X 5 Xs 1 Xl. Dividing through[2] is introduced when developing an approximate solution
by X and writing the integral in term of the coordinate j 5of the solute mass balance in a coarsening REV. The key
x/X, this equation becomes the following:step in this analysis is to introduce a coordinate transforma-

tion such that in the transformed space, the characteristic
length and time scales remain fixed at unity. Before this ef

0
Cs dj 1 (1 2 f )Cl 5 C0 [7]

point is reached, however, basic assumptions and approxima-
tions are stated, and in order to provide a comparison point On differentiating with respect to t you get the following:
the governing solute balance equation in a REV of fixed
size is derived. ef

0

Cs

t
dj 1 (k 2 1)Cl

df
dt

1 (1 2 f )
dCl

dt
5 0 [8]

The first term on the left-hand side of Eq. [8] represents theA. Basic Assumptions and Approximation
back-diffusion in the solid phase. In terms of the transformed

A general dilute binary eutectic alloy (typically alumi- variables t and j, the solid diffusion is governed by the
num-copper) is used as an example material. following:

The characteristic length scale in the REV is half the
secondary arm spacing, X. This length scale coarsens Cs

t
5 a

2Cs

j 2 [9]
according to the following model:

where a is the Fourier number defined in Eq. [1]. Substitu-X 5 XFt n [3]
tion of Eq. [9] into Eq. [8], setting (Cs /j )j50 5 0, and

where XF is the half-spacing at the completion of solidifica- integrating, results in the following:
tion, t 5 t/tF is a dimensionless time, and n (,1/3) is a
coarsening exponent.[9]

a
Cs

j Z
j5f

1 (k 2 1)Cl
df
dt

1 (1 2 f )
dCl

dt
5 0 [10]In the REV, mixing of the solute in the liquid is complete;

i.e., the solute concentration in the liquid phase, Cl , is uni-
form. The diffusion in the solid phase is controlled by a This is the equation that is approximately solved by the

previously proposed semianalytical microsegregationconstant diffusion coefficient D. The solid and liquid densi-
ties are equal. The solidus and liquidus lines in the phase models.[2–5]
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C. The Solute Balance in a Coarsening Domain In the case of a parabolic growth rate, Eq. [4], and the
standard coarsening relationship, Eq. [3], this additive

In a coarsening microstructure, X(t), Eq. [8] still applies. enhancement takes the following constant value:
The essential difference is that the transformed coordinate
j (x,t) is a function of both space and time. This transforma-

a c 5
n

m 1 1
[18]tion is referred to as the Landau transformation[17] and effec-

tively transforms the analysis from the deforming time
Equation [18] shows that the effect of coarsening can bedomain X(t) into a fixed domain of size unity. In terms of
included in a microsegregation model by simply adding athe Landau variable, the solute diffusion in the solid is
constant term to the Fourier number, a. This result can begoverned by the following:[17]

simplified further on noting that a reasonable value of the
coarsening exponent n is 1/3, and numerical experimentsCs

t
5 a

2Cs

j 2 1
j
X

dX
dt

Cs

j
[11]

in the fitting of approximate microsegregation models to
numerical or exact solutions[5,19] indicate 2 , m , 2.5.where the second term on the right-hand side represents the
With values of m 5 2.333 and n 5 1/3, Eq. [18] givescontribution from the coarsening of the domain. Substitution
the following:of Eq. [11] in Eq. [8] gives the following:

a c 5 0.1 [19]
a

Cs

j Z
j5f

1
1
X

dX
dt ef

0
j

Cs

j
dj 1 (k 2 1)Cl

df
dt

[12]
This value is used in the remainder of this work. In this
respect, it is noted that the use of this constant value applies
exactly only in the case of a parabolic growth rate. It is1 (1 2 f )

dCl

dt
5 0

shown subsequently, however, through extensive numerical
experiments that a c 5 0.1 is also valid when the solidifica-

which is the governing equation for solute transport in a tion is controlled by a constant cooling rate. At this point
coarsening microstructure. The second term on the left-hand it is also noted that although the enhanced back-diffusion
side of Eq. [12] represents the contribution to the back- parameter is derived by assuming a time-dependent polyno-
diffusion from coarsening. mial profile for the concentration in the solid (Eq. [13]), its

use is not restricted to models that use this profile assumption
to determine the solid-state diffusion. Indeed, this article

D. Derivation of the Back-Diffusion Parameter will demonstrate and test the proposed back-diffusion param-
eter by employing both exact analytical and full numericalA derivation of the form of the proposed back-diffusion
solutions of the solid-state diffusion and/or coarsening prob-parameter, a+, can be obtained by approximating the integral
lem that are not based on any solute profile assumption.term in Eq. [12]. This is achieved by assuming that the

solute profile in the solid phase is given by the following:

Cs 5 a(t)jm 1 b(t) [13] III. DEMONSTRATION AND TESTING
which is an approach often used in the modeling of microseg- A. Microsegregation Models
regation.[4,5,18,19] Using this profile, the integral term in Eq.
[12] can be integrated by parts to give the following: The demonstration and testing of the use of the enhance-

ment term, a c, to account for coarsening involves the use
of a number of microsegregation models. For clarity ofef

0
j

Cs

j
dj 5

f 2

m 1 1
Cs

j Z
j5f

[14]
presentation these models are defined and outlined in the
following.

Substituting Eq. [14] into Eq. [12] yields the following: The term “basic model” refers to a microsegregation
model that does not account for coarsening. In this work,
the basic model is based on a numerical solution of Eq. [8].Fa 1

1
X

dX
dt

f 2

m 1 1G Cs

j Z
j5f

1 (k 2 1)Cl
df
dt

[15]
At each time step in the calculation, the back-diffusion at
the solid-liquid interface is calculated from a transient finite-
difference solution of Fick’s second law in the solid domain;1 (1 2 f )

dCl

dt
5 0

i.e., Eq. [9]. Two versions of the numerical model are used:
a constant cooling rate model and a parabolic growth model.Equation [15] can be made identical in form to the microse-
Typically, time and space independence is easily obtainedgregation equation in a fixed domain, Eq. [10], by simply
with 5000 time steps and 200 space steps in the solid.replacing the Fourier number, a, with the back-diffusion

The term “full model” refers to a microsegregation modelparameter, as follows:
that takes full account of coarsening in its governing equation
and numerical implementation. The full model, used in this

a+ 5 a 1
1
X

dX
dt

f 2

m 1 1
[16] work, is similar in operation to the basic model. The key

difference is an exact accounting of the coarsening. This
where, by comparison with Eq. [2], the additive enhancement requires the replacement of Eq. [9] with Eq. [11] to calculate
to the Fourier number is the following: the back-diffusion and the specification of the arm coarsen-

ing using the model and data in Kirkwood,[9] as follows:
a c 5

1
X

dX
dt

f 2

m 1 1
[17]

2X(t) 5 9.4t1/3 [20]
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Both a constant cooling rate and parabolic growth rate ver-
sion of the full model are used. The space and time indepen-
dent behavior of these models matches that seen in the
basic model.

The term “coarsening-only model” refers to a microseg-
regation model that does not account for back-diffusion.
These models can be applied to cases where the solid diffu-
sion is very small and the microsegregation is influenced
by coarsening alone. If the solidification is controlled by a
constant cooling rate (Eq. [5]), an analytical coarsening-
only model has been presented by Mortensen (Eq. [12] in
Reference 10), as follows:

f 5
1 1 n
1 2 k

C [1/(k21)]
l

(Cl 2 C0)n eCl

C0
f [k/(12k)](f 2 C0)n df [21]

A similar exact coarsening-only model, for the case of a
(a)parabolic growth rate, can be obtained from the microsegreg-

ation model of Wang and Beckermann[5] (Appendix), as
follows:

Cl

C0
5

2n(1 2 f )(112n)k21

f 2n ef

0
f2n21(1 2 f)2(112n)k df [22]

B. Limiting Case: No Solid Diffusion

In the case of no diffusion in the solid, the previous
analysis (Eqs. [16] through [19]) suggests that the dilution
effect of coarsening alone can be described using a Fourier
number of a 5 a c 5 0.1 in a basic microsegregation model.
This is tested on comparing predictions from a basic model,
with the Fourier number set at a 5 0.1, with predictions
from the exact solutions of microsegregation due to coarsen-
ing alone (Eqs. [21] and [22].

Interest is focused on predictions of the fraction of eutectic
(b)formed. A number of test alloys, each with nominal composi-

tion C0 5 1, are defined by specifying a eutectic concentra- Fig. 2—Prediction of eutectic fraction with coarsening and no back-diffu-
tion, Ceut, and a partition coefficient, k. In each case, a sion. The solid lines are analytical solutions, the symbols are predictions

obtained with a basic model and enhanced back-diffusion term a 5 a c 50.1.eutectic fraction prediction is readily obtained from Eq. [21]
Solidification conditions (a) constant cooling and (b) parabolic growth.on setting Cl 5 Ceut. Use of Eq. [22] to predict the eutectic

fraction, however, requires iteration. A sequence of succes-
sive estimates of f 5 1 2 feut are substituted into the right-
hand side of Eq. [22] until the required value of Ceut/C0 is

In the basic models, the combined effects of coarsening andobtained on the left-hand side.
back-diffusion are handled by replacing the Fourier number,Figure 2 compares basic model predictions of the eutectic
a, with the back-diffusion parameter a+ 5 a 1 a c. Notefraction, with a 5 0.1, with predictions from the coarsening-
that, although the basic models do not account for coarseningonly models (n 5 1/3). In the case of a constant cooling
in the governing equation or numerical implementation, arate (Figure 2(a)) the comparisons are excellent across a
tracking of the coarsening is required, since the term X(t)wide range of values for k and Ceut. For the parabolic case
appears in the definition of the Fourier number, a (Eq. [1]).(Figure 2(b)), the comparison is good at low to moderate
To maintain consistency with the full models, an appropriatevalues of k. At larger k values, there is a slight drift, particu-
tracking of the coarsening is obtained with Eq. [20].larly when the eutectic fractions are small. Nevertheless, it

can still be concluded that the constant enhancement a c 5 Figure 3 compares eutectic predictions obtained with the
0.1 provides a reasonable accounting of the dilution effect basic microsegregation model with predictions from the full
of coarsening. model, across a wide range of conditions. These plots are

for constant cooling, a value of a c 5 0.1 is used in the
back-diffusion parameter, and the Fourier numbers in the

C. Coarsening with Back-Diffusion plots are calculated using the final arm spacing in Eq. [1].
In general, the comparisons are excellent; the only departureUse of the value a c 5 0.1 for the more general case
is at large values of k and Ceut, particularly when the fractionsof simultaneous coarsening and back-diffusion is tested by
of eutectic are small (Figure 3(c)). Similar comparisons arecomparing eutectic predictions from basic microsegregation

models with predictions from full microsegregation models. obtained for a parabolic growth rate. As an example, Figure
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Fig. 4—Prediction of eutectic fraction when the eutectic composition is
Ceut 5 6.78. Coarsening and back-diffusion are included with parabolic
growth. The solid lines are full model predictions, the symbols are predic-
tions obtained with a basic model and enhanced back-diffusion term a+ 5
a 1 0.1.

(a)

(b)

Fig. 5—Eutectic predictions obtained with the modified Ohnaka model
compared with a full model (full solid line) and experimental measurements
[21]. Also, shown for reference, numerical predictions with no coarsening
(dashed line).

(c)

Fig. 3—Prediction of eutectic fraction, with coarsening and back-diffusion,
b 5

2a
(1 2 feut)2 1 2aunder constant cooling conditions. The solid lines are full model predictions,

the symbols are predictions obtained with a basic model and enhanced
back-diffusion term a+ 5 a 1 0.1. Eutectic compositions (a) Ceut 5 3, (b) Replacing of a with the following:
Ceut 5 6.78, and (c) Cceut 5 10.

a+ 5 1.39aF 1 0.1 [24]

in this model results in a microsegregation model that is
effective across a wide range of conditions. Figure 5 com-

4 shows the comparison across a range of conditions for an pares eutectic predictions from this expression with those
alloy where Ceut 5 6.78. obtained from the full numerical model with k 5 0.16 and

Ceut/C0 5 6.78. These values are consistent with the alumi-
num 4.9 pct copper experimental measurements reported byIV. AN APPROXIMATE MODEL
Sarreal and Abbaschian[21] (Table I). For additional points

The proposed back-diffusion parameter, a+, can be used of comparison, the experimental results of Sarreal and
to account for coarsening in any existing basic microsegrega- Abbaschian and the numerical predictions when coarsening
tion model. To demonstrate this, consider the following is not considered are included in Figure 5.
recent modification of the Ohnaka microsegregation model[4]

Note that in Eq. [24], aF is the Fourier number calculated
for constant cooling conditions:[20]

with the final arm spacing. This value underestimates the
average value of a during solidification, and the factor 1.39
is included (by curve fitting) to arrive at a better estimatef 5

1
1 2 bk 11 2 1Cl

C02
12bk
k21 2 [23]

for the averaged value of a.

METALLURGICAL AND MATERIALS TRANSACTIONS A VOLUME 30A, AUGUST 1999—2187



Table I. Measured Values of Eutectic from the Sarreal and Abbaschain[23] Experiments

Solidification Time (s) 0.52 1.51 8.72 93.3 980

Fourier number* 0.018 0.026 0.047 0.103 0.226
Pct fraction of eutectic** 7.5 7.16 6.84 6.52 5.54

*The Fourier number is calculated from Eq. [1]. In this calculation, D 5 5 3 10213, and the final half-arm spacing is obtained from
Eq. [20].

**The measured values of volume fraction have been converted from the measured volume fraction of nonequilibrium second phase
reported by Sarreal and Abbaschian[23] (refer to Voller and Sundarraj[17]).

V. CONCLUSIONS setting a 5 0. On differentiating Eq. [A1], the last term in Eq.
[A3] can be written in terms of ^Cs&

s to give the following:The main result of this article has been to show that the
following hold. d

dt
[ f ^Cs&

s] 5
1
X

dX
dt ef

0
j

Cs

j
dj 1 kCl

df
dt

[A4]
1. In microsegregation modeling, the effect of coarsening

on the dilution of the liquid phase can be accounted for
Further modifications are made when noting the following.by adding an additional back-diffusion term to the Fourier
(1) On integrating by parts,number. The required dimensionless factor a c is defined

in Eq. [17].
2. Further, it has been shown, using theory for the case of ef

0
j

Cs

j
dj 5 f (kCl 2 ^Cs&

s) [A5]
parabolic growth and using numerical experiments for
the constant cooling rate, that, for t1/3 coarsening, a con-

(2) If coarsening goes as t n,stant value of a c 5 0.1 is a sound choice across a wide
range of casting and alloy conditions. 1

X
dX
dt

5
n
t

[A6]
This finding makes the inclusion of coarsening into

existing microsegregation models very straightforward. In
and with parabolic growthparticular, previous approximate models[2–5] can be readily

modified to account for coarsening. Further work will focus
on developing additional approximate models for microse- f 5 t 1/2 and

d
dt

5
1
2

t21/2 d
df

[A7]
gregation and coarsening and also on investigating the exten-
sion to multicomponent alloys.

Using the modification in Eq. [A4] leads to, after some
rearrangement and expansion,
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