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(a) u: mixture. (b) u: two-phase. (c) φ(1− φ)∆u: two-phase.

Fig. 11. Velocity vectors before (upper panels) and after (lower panels) pinch-off (rp = 0.01, rµ = 0.1, Bo = 25, At = 0.82, and δ = 0.04).

only a single but larger droplet occurs for the mixture model. The
difference in the pinch-off time can be attributed to the presence of
a highly asymmetric (with respect toφ = 0.5) velocity distribution
across the diffuse interface for the mixture model. For that model,
the velocity inside the diffuse interface is dominated by phase 2,
because that phase has a much larger density and viscosity. Since
phase 2 is more viscous than phase 1, the velocity of phase 2 near
the interface is generally less than that of phase 1. Hence, the
asymmetric velocity distribution slows down the interfacemotion.
The two-phasemodel effectively prevents this asymmetry because
a slip flow is allowed inside the diffuse interface.
The differences in the calculated velocities between the two-

phase and mixture models can be better observed in Fig. 11. This
figure compares results from the two models at different times,
but in each case the results correspond to times right before and
after the pinch-off. It can be seen that the velocities near the
interface inside of phase 1 are generally smaller for the mixture
model (Fig. 11(a)) than for the two-phase model (Fig. 11(b)). This
is particularly evident near the center of themain vortex. Again, the
smaller phase 1 velocities for the mixture model can be attributed
to the more viscous and dense phase 2 extending its influence far
across the diffuse interface into phase 1. The slip velocities inside
the diffuse interface, φ (1− φ)∆u, calculated by the two-phase
model are shown in Fig. 11(c). It is apparent that the velocity of
phase 1 inside the diffuse interface is much larger than that of
phase 2, which is due to the density and viscosity being smaller
in phase 1 than in phase 2. Since u = [ρ1φu1 + ρ2 (1− φ)u2] /ρ,
the mixture velocity for the two-phase model is more symmetric
across the interface, even though ρ1 � ρ2. Also note that it
is the slip velocities shown in Fig. 11(c) that are responsible for
the compressibility effect in the two-phase model, as discussed in
connection with the continuity equation.

Fig. 12. Convergence of pinch-off time wrt. δ (rρ = 0.01, rµ = 0.1, Bo = 25, and
At = 0.82).

A comparison of the convergence behavior of the pinch-off time
with respect to the interface width between the two-phase and
mixture models is shown in Fig. 12. In each simulation, the grid
spacing was adjusted such that ∆x/δ = 0.628, implying that the
simulations with a smaller interface width required a finer grid. It
can be seen that for bothmodels, the pinch-off time decreases in an
approximately linear fashionwith decreasing interface width. Best
straight-line fits to the calculated results show that the pinch-off
times from the two models converge to approximately the same
value (∼1.7) in the limit of δ→ 0. As already noted in connection
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with Fig. 9, at a given interface width, the results from the two-
phase model are considerably more accurate than those from the
mixture model. For example, the pinch-off time for the mixture
model with δ ≈ 0.03 is approximately the same as for the two-
phase model with δ = 0.06. Hence, the two-phase model offers
a significant advantage relative to a standard mixture approach
by reducing the dependence of the results on the diffuse-interface
width, especially for large property contrasts between the phases.
The remaining dependence of the two-phase model results on
the interface width can be attributed to the presence of δ in the
capillary stress term in the momentum equation.

5. Conclusion

This study shows that, in the presence of large property
contrasts between the phases, the use of a two-phase approach
in diffuse-interface modeling of micro-scale two-phase flows
offers a significant advantage relative to standard models that
assume a single velocity inside the diffuse interface. The two-
phase approach strongly reduces the dependence of the results
on the width of the diffuse interface. It is also important to
mention that the computational effort for the two-phase model
is only slightly larger than that for the mixture model, since the
additional relations needed in the two-phase model are mostly of
an algebraic nature. Even though the present study only examines
a diffuse-interfacemodel for Hele–Shaw flows, a similar advantage
can be expected for the full Navier–Stokes version of the two-
phase diffuse-interface model as presented in Ref. [8]. Future work
should focus on developing methods to overcome the remaining
interface width dependencies due to the capillary stress term
in the momentum equation, for cases where an artificially large
interface width is used to simulate large-scale flows. The ultimate
goal of such work should be to achieve complete convergence of
the results for a finite interface width (since only finite interface
widths can be resolved numerically), along the same lines as in
the thin-interface phase-field models of Karma and Rappel for

solidification [14]. Only then can diffuse interface models be used
reliably for the simulation of large-scale complex two-phase flows.
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