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Operations Research -- Sample Homework Assignments
Fall 1994
Dennis Bricker
Dept. of Industrial Engineering
University of lowa
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Homework #1

Matrix Algebra Review: Thefollowing problemsareto be found in Chapter 2 of the text, Operations
Research (3rd edition) by W. Winston:

(1.) Exercise#7&8, p. 31
Use the Gauss-Jordan method to determine whether each of the following linear systems has no solution, a
unique solution, or an infinite number of solutions. Indicate the solutions (if any exist).

a) X1 + X2 =2
-X2 + 2X3 =3
X2  +X3 =3
b.) X1 +Xo2  +X3 =1
X2  +2X3+Xg4 =2
X4 =3

(2.) Exercise#5, p. 35
Determineif the following set of vectorsisindependent or linearly dependent:

HIHH

(3.) Exercise#4, p.40: Find A1 (if it exists) for the following matrix:
{l 21

120
241

Linear Programming Model Formulation: Formulate aLinear Programming model for each problem
below, and solveit using L INDO (available both on the Apollo workstations and Macintoshes of ICAEN.)
Be sure to state precisely the definitions of your decision variables, and briefly explain the purpose of each
type of constraint. State verbally the optimal solution. (All exercises are from Chapter 3 of thetext. For
instructions on LINDO, see 84.7 and the appendix of chapter 4 of the text.)

(4.) Exercise#2, page 73 (Manufacturing of Heart VValves)

"U.S. Labs manufactures mechanical heart valves from the heart valves of pigs. Different heart operations
require valves of different sizes. U.S. Labs purchases pig valves from three different suppliers. The cost and
size mix of the valves purchased from each supplier are given in the table below. Each month, U.S. Labs
places one order with each supplier. At least 400* large, 300 medium, and 300 small valves must be
purchased each month. Because of limited availability of pig valves, at most 500 valves per month can be
purchased from each supplier. Formulate an LP that can be used to minimize the cost of acquiring the needed
valves."

Cost Percent Percent Percent
per vave Large Medium Small
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Supplier 1 $5 40 40 20
Supplier 2 $4 30 35 35
Supplier 3 $3 20 20 60

*The original problem statement specifies a requirement of 500 large valves per month, whichisinfeasible
given the specified availability from each supplier. | have modified the requirement so as to make the problem
feasible.

(5.) (Exercise 3, page 112)
" I now have $100. The following investments are available during the next three years:

Investment A: Every dollar invested now yields $.10 ayear from now and $1.30 three years from now.
Investment B: Every dollar invested now yields $0.20 ayear from now and $1.10 two years from now.
Investment C: Every dollar invested ayear from now yields $1.50 three years from now.

During each year, uninvested cash can be placed in money market funds, which yield 6% interest per year. At
most $50 may be placed in each of investments A, B, and C. Formulate an LP to maximize my cash on hand
three years from now."

mmmmmmmmmmmmmmmmmmmm

Solutions:
la)
éa 1 20 é 0 2(50 é 0 01u
@ -1 2[30p & 1 -2-3up & 1 of1d
© 1 138 & o 1|28 & o 1fH
That is (x1,X2,x3)=(1,1,2).
1b.)

@€ 11 dio & 1 1 01u
@ 1 2 1f2up €0 1 2 010
9 00 138 & o o 13H

Y

There areinfinite solutions, since (x1,X2,X3 X4)=(a+2,-1-23,a,3) for al al R.

(2.) These three vectors are dependent, since
élu édu ébu
&u+850= é70.
&H 6ot EoH
(3) Theinverse does not exists, since the three row vectors are dependent.
Note: (1,2,1)+(1,2,0)=(2,4,0) implies they are dependent.

(4.) Theorigina problem statement specifies arequirement of 500 large valves per month, which isinfeasible
given the specified availability from each supplier. | have modified the requirement so as to make the problem
feasible.

Define: X1=# of valves produced by Supplier 1,

Define: X2=# of valves produced by Supplier 2,
Define: X3=# of valves produced by Supplier 3, respectively.
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The formulation and LINDO outputs are as below.
Optimal solutionis. Supplier 1 produces 500 valves, Supplier 2 produces 500 valves, and Supplier 3

produces 250 valves.
M N 5 XL + 4 X2 +3 X3
SUBJECT TO
2) 0.4 X1 + 0.3 X2 + 0.2 X3 >= 400
3) 0.4 X1 + 0.35 X2 + 0.2 X3 >= 300
4) 0.2 XL + 0.35 X2 + 0.6 X3 >= 300
5) X1 <= 500
6) X2 <= 500
7) X3 <= 500
END
: go
LP OPTI MUM FOUND AT STEP 7

OBJECTI VE FUNCTI ON VALUE

1) 5250. 00000
VARI ABLE VALUE REDUCED COST
X1 500. 000000 0. 000000
X2 500. 000000 0. 000000
X3 249. 999954 0. 000000
ROW SLACK OR SURPLUS DUAL PRI CES
2) 0. 000000 -15. 000000
3) 125. 000008 0. 000000
4) 124. 999992 0. 000000
5) 0. 000000 1. 000000
6) 0. 000000 0. 500000
7) 250. 000046 0. 000000
NO. | TERATI ONS= 7
(5.) Define Al=$invested in A at the beginning of year 1,

B1=$invested in B at the beginning of year 1,
C2=%invested in C at the beginning of year 2,
Ft=3$ invested in F at the beginning of year t, t=1,2,3.

The LP formulation and LINDO outputs are shown below.

The optimal solutionis:
First year-- invest $13.541664 in A, $50 in B, and 36.458336 in money market funds.
Second year--invest $50in C.
Third year--invest $55 in money market funds.
Total returnsis $50.904.

MAX 13A1+15C2+106F3 (Total return at the end of year 3)
SUBJECT TO
2) Al+ Bl+ F1= 100 (Available $)
3) 01A1-C2+0.2B1+1.06F1-F2=0 (Theoutput of first year=the input of second year)
4) - F3+11B1+106F2=0 (The output of second year=the input of third year)
5 Al<=50 (Upper limit for each investment)
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6) B1l<=50
7) C2<=50
END

: go
LP OPTI MUM FOUND AT STEP 6

OBJECTI VE FUNCTI ON VALUE

1) 150. 904160

VARI ABLE VALUE REDUCED COST
Al 13. 541664 0. 000000

Cc2 50. 000000 0. 000000

F3 55. 000000 0. 000000

Bl 50. 000000 0. 000000

F1 36. 458336 0. 000000

F2 0. 000000 0. 230567

ROW SLACK OR SURPLUS DUAL PRI CES
2) 0. 000000 1. 435417

3) 0. 000000 -1. 354167

4) 0. 000000 -1. 060000

5) 36. 458336 0. 000000

6) 0. 000000 0. 001417

7) 0. 000000 0. 145833

mmmmmmmmmmmmmmmmmmmm
Homework #2
(1) Find A-1 for the following matrix:

A=l 7225

56-1

732]

and use this result to solve the equations:

TXq +3Xo + 2X3 =2
7X1 -2X9 +5x3=0
\ 5xq +6X5 - X3 =4

(2.) Thefollowing problem (Exercise 3, §3.5, page 76 of Winston, 3rd edition) refersto Example 7 of that
same section:

"Suppose that the post office can force employees to work one day of overtime each week. For
example, an employee whose regular shift is Monday to Friday can aso be required to work on
Saturday. Each employeeis paid $50 aday for each of the first five days worked during aweek and
$62 for the overtime day (if any). Formulate an LP whose solution will enable the post office to
minimize the cost of meeting its weekly work requirements.”

Also, use LINDO (or other LP software) to find the optimal solution of the LP. (Isit integer-valued?)

(3.) Exercise 11, 83.8, page 92 of Winston, 3rd edition:

Eli Daisy produces the drug Rozac from four chemicals. Today they must produce 1000 Ib. of the
drug. Thethree active ingredientsin Rozac are A, B, and C. By weight, at least 8% of Rozac must
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consist of A, at least 4% of B, and at least 2% of C. The cost per pound of each chemical and the
amount of each active ingredient in one pound of each chemical are given in the table below:

Chemica  Cost per |b. A B C
1 $8 0.03 0.02 0.01
2 $10 006 004 0.01
3 $11 010 003 0.04
4 $14 012 009 0.04

It is necessary that at least 100 pounds of chemical 2 be used. Formulate an LP whose solution
would determine the cheapest way of producing today's batch of Rozac.
Also, use LINDO (or other LP software) to find the optimal solution of the LP.

(4.) Usethe Simplex Method to solve the following two LPs:

a Maximize X1+ X2 b. Minimize  xq1+2x»

subject to X1+5x2£5 subject to X1+ 3x23 11
2X1+X2£ 4 2X1+X%X23% 9
X123 0,x2% 0 X138 0,x2% 0

In (b), use a"Phase-One" procedure to get a starting basic feasible solution.

mmmmmmmmmmmmmmmmmmmm
Solutions:

(1)
& 3 2|1 0 o0 é 37 2/4Yy7 0 ou & 7 2/7|Y7 0 Od

[Al]=€ -2 5|0 1 00p & -2 5|0 1 00p& -5 3 |-1 1 0d
& 6 -100 19 & 6 -110 0 1 & 277 -1771-57 0 1H
& 7 27|y7 o ou & 37 7| Y7 0 ou
pé& 1 -35/¥5 -y5 oup & 1 -35| 5 -IY5 oOU
© 2777 -177-5§7 0o 18 ©& o -439-5235 2735 1

é1 37 271y7 0 O U é 0 0-7 375 4750
pe& 1 -349y5 -5 0 Upé& 1 08 -425 -525U
© 0 113 -2774 -394 & o0 213 -675 -8.75H
Therefore,
&7 375 4750

A'=68 -425 -5250
83 -6.75 -8.75
The solution for the equations is given by
&7 375 475080 é5u
A'b=88 -425 -5250800=850,
813 -675 -8.75H&H & of

(2) Define: xj=the # of employees who start to work on ith day for 5 days. (i=1,2,...,7)
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Since some of the xj employees are forced to work one day for overtime, there are two days can be
chosen by some of the xj employees. For example, for the employees who work from Monday to
Friday, Saturday or Sunday may be chosen by some of the x1 employees.

Hence we may define:
yj=the # of employees who belong to the group that starts to work on ith day for 5 days, and

work on the first available overtime day. (e.g., Saturday of the above example).
zj=the # of employees who belong to the group that starts to work on ith day for 5 days, and

work on the second available overtime day. (e.g., Sunday of the above example).
(i=1,2,...,7)

We may summarize the above notationsinto the following table:

Monday Tuesday Wednesday  Thursday Friday Saturday Sunday

x1 x1 x1 x1 x1 yl z1
z2 X2 X2 X2 X2 X2 y2
y3 z3 x3 x3 x3 x3 x3
x4 y4 z4 x4 X4 x4 x4
X5 x5 y5 z5 x5 X5 X5
X6 X6 X6 y6 z6 X6 y6
X7 X7 X7 X7 y7 zi X7

Therefore the LP can be formulated as below. From the LINDO outputs, we find that the optimal
solution is:

Monday-Friday---------- 8 employees, al of them have to work on Saturday,

Wednesday-Sunday-------- 2 employees,

Thursday-Monday------- 4 employess,

Saturday-Wednesday------- 2 employees, dl of them have to work on Thursday,

Sunday- Thursday-------- 3 employees.

Thetota cost is $5370. The solution isinterger-valued.

MN 250 X1 + 250 X2 + 250 X3 + 250 X4 + 250 X5 + 250 X6
+ 250 X7 + 62 Y1 + 62 Z1 + 62 Y2 + 62 Z2 + 62 Y3 + 62 Z3
+ 62 Y4 + 62 Z4 + 62 Y5 + 62 Z5 + 62 Y6 + 62 Z6 + 62 Y7

+ 62 Z7
SUBJECT TO
2) X1+ X4+ X5+ X6+ X7+ Z2 + Y3 >= 17
3) XL+ X2+ X5+ X6+ X7 + Z3 + Y4 >= 13
4) XL + X2 + X3+ X6+ X7 + Z4 + Y5 >= 15
5) X1 + X2+ X3+ X4+ X7 + Z5 + Y6 >= 19
6) X1 + X2+ X3+ X4+ X5+ 76 + Y7 >= 14
7) X2 + X3+ X4+ X5+ X6+ Y1+ Z7 >= 16
8) X3+ X4+ X5+ X6+ X7 + Z1 + Y2 >= 11
9) X1 - Y1l - Z1 >= 0
10) X2 - Y2 - Z2 >= 0
11) X3 - Y3- Z3>= 0
12) X4 - Y4 - Z4>= 0
13) X5 - Y5 - Z5 >= 0
14) X6 - Y6 - Z6 >= 0
15) X7 - Y7 - Z7 >= 0
END
: go
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LP OPTI MUM FOUND AT STEP 32

OBJECTI VE FUNCTI ON VALUE

1) 5370. 00000
VARl ABLE VALUE REDUCED COST
X1 8. 000000 0. 000000
X2 0. 000000 0. 000000
X3 2.000000 0. 000000
X4 4. 000000 0. 000000
X5 0. 000000 30. 000000
X6 2. 000000 0. 000000
X7 3. 000000 0. 000000
Y1 8. 000000 0. 000000
Z1 0. 000000 30. 000000
Y2 0. 000000 30. 000000
Z2 0. 000000 0. 000000
Y3 0. 000000 0. 000000
Z3 0. 000000 30. 000000
Y4 0. 000000 30. 000000
Z4 0. 000000 0. 000000
Y5 0. 000000 0. 000000
Z5 0. 000000 0. 000000
Y6 2. 000000 0. 000000
Z6 0. 000000 30. 000000
Y7 0. 000000 30. 000000
Z7 0. 000000 0. 000000
ROW SLACK OR SURPLUS DUAL PRI CES
2) 0. 000000 -62. 000000
3) 0. 000000 - 32. 000000
4) 0. 000000 -62. 000000
5) 0. 000000 -62. 000000
6) 0. 000000 - 32. 000000
7) 0. 000000 - 62. 000000
8) 0. 000000 - 32. 000000
9) 0. 000000 0. 000000
10) 0. 000000 0. 000000
11) 2. 000000 0. 000000
12) 4. 000000 0. 000000
13) 0. 000000 0. 000000
14) 0. 000000 0. 000000
15) 3. 000000 0. 000000
NO. | TERATI ONS= 32

3) Define: Xi=the # of Ib from Chemicdl i, i=1,2, 3, and 4.

The formulation and outputs of LINDO are shown below.
The optimal solutionis:

285 |b of Chemical 1,

100 Ib of Chemical 2,

417.5 1b of Chemical, and

197.5 b of Chemical 4.

Total cost is $10637.5.
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M N 8 X1 + 10 X2 + 11 X3 + 14 X4

SUBJECT TO
2) 0.03 X1 + 0.06 X2 + 0.1 X3 + 0.12 X4 >= 80
3) 0.02 X1 + 0.04 X2 + 0.03 X3 + 0.09 X4 >= 40
4) 0.01 X1 + 0.01 X2 + 0.04 X3 + 0.04 X4 >= 20

5) X2 >= 100

6) XL+ X2+ X3+ X4= 1000
END
go

LP OPTI MUM FOUND AT STEP 8

OBJECTI VE FUNCTI ON VALUE

1) 10637. 5000
VARI ABLE VALUE REDUCED COST
X1 285. 000000 0. 000000
X2 100. 000000 0. 000000
X3 417. 500000 0. 000000
X4 197. 500000 0. 000000
ROW SLACK OR SURPLUS DUAL PRI CES
2) 0. 000000 -37. 500000
3) 0. 000000 -37. 499992
4) 8. 449999 0. 000000
5) 0. 000000 -0. 125000
6) 0. 000000 - 6. 125000
NO. | TERATI ONS= 8
(4a)
-Z x1 X2 sl 2 RHS ratio
1
1

-Z x1 X2 sl 2 RHS ratio

72 0 12 -2
1 12 3 23
172 0 172 2 4

0 -1/9 -4/9 -7/3
-9 59 53
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The optimal solution is (x1* x2*)=(5/3, 2/3), Z*=7/3.

(4b).
-w -Z x1 X2 sl 2 al a2 RHS
1 0 0 0 1 1
0 1 1 2 0 0
0 0 1 3 -1 1 0 11
0 0 2 1 0 -1 0 1 9

First we force the artificial variables away from the basic.
-W V4 x1 X2 sl 2

al a2 RHS

1 0 -3 -4 1 1
0 1 1 2 0
0 0 1 @ -1
0 0 2 1 0 -1

0 0 -20
0 0 0
1 0 11
0 1 9

After x2 into basic and al out of basic, we have

-W -Z x1 X2 sl s2

al a2 RHS

1 0 53 0  -U3
0 1 13 0 2/3
o o w3 1 U3 O
O 0 53 0 @ 1

4/3 0 -16/3
-2/3 0 -22/3
13 0 11/3
-1/3 1 16/3

sl into basic and a2 out of basic.

al a2 RHS

_1—0 99— 5 \q 44— o
0 1 -3 0 2 0 -2 -18
2 1 1 1 9
0 5 0o 1 -3 - 16
|

We obtain the following LP without artificial variables.
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-z x1 X2 sl 2 RHS

-3 o O 2 18
2 1 0 -1 9

0
0@01-316

-z x1 X2 sl s2 RHS

0 35 15 -42/5
-2/5 15 13/5
0 5 -3/5 16/5

which isoptimal. Optimal solution is (x1* ,x2*)=(16/5,13/5), Z*=42/5.

mmmmmmmmmmmmmmmmmmmm
Homework #3

1) Exercise 50, Review Problems, page 120 of Winston, 3rd edition (#36, p. 120 of 2nd edition):

"To process income tax forms, the IRS first sends each form through the data preparation (DP)
department, where information is coded for computer entry. Then the form is sent to data entry (DE),
where it is entered into the computer. During the next three weeks, the following number of forms
will arrive: Week 1: 40,000; week 2: 30,000; week 3: 60,000. The IRS meets the crunch by hiring
employees who work 40 hours per week and are paid $200 per week. Data preparation of aform
requires 15 minutes, and data entry of aform requires 10 minutes. Each week, an employeeis
assigned to either data entry or data preparation. The IRS must complete processing of all forms by
the end of week 5 and wants to minimize the cost of accomplishing thisgoal. Formulate an LP that
will determine how many workers should be working each week and how the workers should be
assigned over the next five weeks."

Find the optimal solution by LINDO (or other LP software). Isthe LP solution integer?

2.) Revised Simplex Method: Complete the computations below for the problem:
Maximize 12X1 + 8Xo + 0X3+ 0X 4+ 0X5
subject to 5X1 + 2X 5 + 1X 3+ 0X 4 + 0X5 =150
2X1+3X2+0X3+ 1X4+0X5=100
4X 1+ 2X2 + 0X3+ 0X4+ 1X5=80
Xi?0,j=123,4,5
Use the dack variables X3, X4, and X5 to form the initia basis, i.e., B={3,4,5}. Then

100 .
010 =(a8

001

lteration 1: The basic solution is Xg = (AB)-1b = [150, 100, 80]t. CB = [0, 0, 0] and so the simplex
multiplier vector is pg = Cg(AB)'1=[0, 0, 0]. Therelative profits of the nonbasic variables X1 and X»
are:

AB =

C1=Cy-pAl= a
C,=C,-pA%= b
Let's select X1 to enter the basis. The substitution rates of X for the basic variables are
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5
a=(AB]TAl= >

c
i.e., one unit increase of X1 will replace ¢ units of the third basic variable, Xs. To determine the first
basic variable to reach its lower bound as X 1 increases, we perform the minimum ratio test:
Min/ 150 100 80 |- 4

ls' 2" ¢ |~ —
Therefore, the basic variable which reaches zero first (and leaves the basis) is X5, and the new basis will
be B={3, 4, e }, with the basis matrix

1 0 f
AB =
0 1 g

0 0 h
To update the basisinverse, we write the pivot column A1 aongside the old basisinverse, and perform
the pivot in row 3:

1005 1o 10
0102|® 0 1 j o0
0014 0 0 Kk 1
sothat, for B={3,4, e },
1 0 i
(AB)1= o 1 j
0 0 k

Iteration 2:
The new basic solution is

The new simplex multiplier vector is

pe =Cs (A% " =[m 0, n](A%" = [0, 0 p
We next "price" the nonbasic variables, X2 and Xs;
2

C,=Cy-ppA2=Cy-pg| 3 ]: P
B a
C5=Cs-pgA°= I
Since p > 0 (and we are maximizing), we select X5 to enter the basis. The substitution rates of X» for
the basic variables are
s

a=(AB)tAz=
t

which means that, if X increases by one unit,
» thefirst basic variable (X 3) increases/decreases (circle) by s units,
» the second basic variable (X 4) increases/decreases (circle) by 2 units, and
» the third basic variable (X 1) increases/decreases (circle) by t units.
To determine the basic variable which reaches zero first (and leaves the basis), we perform the minimum ratio

test:
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min’-- , @,
2

l

20

=_u

Thismeansthat X4 should leave the basis, i.e., we should pivot in the second row. The new basisis

therefore B={ 3, v, w } and the new basisinverse matrix is found by updating the old basis inverse

matrix: B B
1 11
1 0 i s 1 4 8 0
0 1 j 2 ® 0o x -% 1
0 0 k t oy 3 o
: L 8 ]
ie.,
;1 .1
4 8
(me)*=] o0 x .1
- 4
o vy 3
Iteration 3: The new basic solution is )
;1 1
., 4 8 100 | es
Xg=(ABJ"o=| 0 x -% 150 |=| 30
3 80 z
0 hol
Y 5

i.e., X3=65, X>,=30,and X1 = z.
The simplex multiplier vector is now
ps =Cs(A%)* =[0, aa, 12] (A% = |0,
We next price the nonbasic variables, X4 and Xs;:
64 =Cy- pBA4 =-1
C5=Cs- DBABLg

Since the relative profits are both negative, this means that the current basic solution isoptimal! The
optimal profit istherefore _cc .

b

5
"2,

3.) Writethe dual LPs of the following primal LPs:

a Maximize 2X1+ X»
subjectto  11Xp + 3X23 33
8X1+5X5£ 40
7X1+10X2£70
X130, X220

b. Minimize 22X1 - X2 + 5X3
subjectto  X;+3X3=33
2X1- X2£40
X2 +5X33 70
X1 unrestricted insign, X23 0, X3£0

mmmmmmmmmmmmmmmmmmmm
Solutions:

Define Xj=the # of workers for preparing the datain week i, and
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Yj=the # of workers for entering the datain week i, i=1,2,3,4,5.

The optimal solution is: (Note : not unique solution)

Week 1:
Week 2:
Week 3:
Week 4:
Week 5:

The LINDO formulation and outputs are as follows.

hire 250 workers for preparing data and 167 workers for entering data,
hire 188 workersfor preparing data and O workers for entering data,
hire 375 workers for preparing data and O workers for entering data,
hire O workers for preparing data and 375 workers for entering data,
hire O workers for preparing data and O workers for entering data,

M N 200 X1 + 200 Y1 + 200 X2 + 200 Y2 + 200 X3 + 200 Y3
+ 200 X4 + 200 Y4 + 200 X5 + 200 Y5
SUBJECT TO
2) 160 X1 <= 40000
3) - 160 X1 + 240 Y1 <= (# of prepared data® # of entered data in week 1)
4) 160 X1 + 160 X2 <= 70000 (# of prepared data £30000+40000)
5) - 160 X1 + 240 Y1 - 160 X2 + 240 Y2 <= 0
6) 160 X1 + 160 X2 + 160 X3 <= 130000
7) - 160 X1 + 240 Y1 - 160 X2 + 240 Y2 - 160 X3 + 240 Y3 <=
8) 160 X1 + 160 X2 + 160 X3 + 160 X4 <= 130000
9) - 160 X1 + 240 Y1 - 160 X2 + 240 Y2 - 160 X3 + 240 Y3
- 160 X4 + 240 Y4 <= 0
10) 160 X1 + 160 X2 + 160 X3 + 160 X4 + 160 X5 = 130000
11) 240 Y1 + 240 Y2 + 240 Y3 + 240 Y4 + 240 Y5 = 130000
END
go
LP OPTI MUM FOUND AT STEP 6
OBJECTI VE FUNCTI ON VALUE
1) 270833. 344
VARI ABLE VALUE REDUCED COST
X1 250. 000000 0. 000000
Y1l 166. 666672 0. 000000
X2 187. 500000 0. 000000
Y2 0. 000000 0. 000000
X3 375. 000000 0. 000000
Y3 0. 000000 0. 000000
X4 0. 000000 0. 000000
Y4 375. 000000 0. 000000
X5 0. 000000 0. 000000
Y5 0. 000000 0. 000000
ROW SLACK OR SURPLUS DUAL PRI CES
2) 0. 000000 0. 000000
3) 0. 000000 0. 000000
4) 0. 000000 0. 000000
5) 30000. 000000 0. 000000
6) 0. 000000 0. 000000
7) 90000. 000000 0. 000000
8) 0. 000000 0. 000000
9) 0. 000000 0. 000000
10) 0. 000000 -1. 250000
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11) 0. 000000 -0.833333
NO. | TERATI ONS= 6

2.) Revised Simplex Method: Complete the computations below for the problem:
Maximize 12X1 + 8X2 + 0X3+ 0X4 + 0X5
subject to 5X1 + 2X2 + 1X3 + 0X4 + 0X5 = 150
2X1 + 3X 2+ 0X3+ 1X 4+ 0X5=100
4X1+2Xo+0X3+0X4+1X5=80
Xj®0,j=123,4,5
Use the dack variables X3, X4, and X5 to form the initial basis, i.e., B={3,4,5}. Then

100 3
010 =(a8

001

Iteration 1: The basic solution is Xg = (AB)-1b = [150, 100, 80]t. CB =[0, 0, 0] and so the simplex
multiplier vector is pg = Cg(AB)™1=[0, 0, 0]. Therelative profits of the nonbasic variables X1 and X»
are:

AP =

C1=C-pAt=12
Cy=Cy-pA?= 8
Let's select X1 to enter the basis. The substitution rates of X4 for the basic variables are

5
a=(agtar= ]
4

i.e., oneunit increase of X1 will replace_4 units of the third basic variable, Xs. To determine the first
basic variable to reach its lower bound as X1 increases, we perform the minimum ratio test:
Minf 150 100 80 \_»q
~ 5 ’ 2 ’ 4 ’ S
Therefore, the basic variable which reaches zero first (and leaves the basis) is X5, and the new basis will
beB={3,4, 1 }, with the basis matrix

1 0 5
AB=| o 1 2
o o 4

To update the basis inverse, we write the pivot column Al dongside the old basisinverse, and perform
the pivot in row 3:

1 0 54 o

1005
0102 ® o0 1 -2 0
0014 0 0 14 1
so that, for B={3,4, 1 },
1 0 -54
-1
(AB) =0 1 ap
0O 0 V4
Iteration 2:

The new basic solutionis
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XB:

The new simplex multiplier vector is

50
(A9 ™b= g0
2

pe=Ca(A9"=[ 0, 0,12 (A9 =] 0,0, 3]
We next "price" the nonbasic variables, X2 and Xs;

Cy=C,-pgA?=Cy-pg| 3

Cs5=Cs-ppA®=-3

2

2

=2

Since p > 0 (and we are maximizing), we select X» to enter the basis. The substitution rates of X, for
the basic variables are

a={Agt A2 =

-1/2

2
12

which meansthat, if X increases by one unit,
« thefirst basic variable (X3) increases (circle) by 1/2 units,
» the second basic variable (X4) decreases (circle) by 2 units, and

« thethird basic variable (X1) decreases (circle) by 1/2 units.
To determine the basic variable which reaches zero first (and leaves the basis), we perform the minimum ratio

test:

min"—— 60 @.V =30

-

2 '12{ =

Thismeansthat X4 should leave the basis, i.e., we should pivot in the second row. The new basisis
therefore B={ 3, 2 , 1 } andthe new basisinverse matrix isfound by updating the old basisinverse

matrix:
1
0
0

(g =

0 =574 _1/2
1-172 2

0 w74 1r2

®

1

0

Iteration 3: The new basic solutioniis

56:171 HW Solutions '94
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3
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1 m
} 4 8 110 [ 65
xe=lA¥b= 0, -1/ 100 = 30
3 80 S

9 amg

i.e., X3=65, X2=30,and X1=5.
The simplex multiplier vector is now

po=Colad =08 12/ =0 1 5

We next price the nonbasic variables, X4 and Xs;

64 =Cy- pBA4 =-1

Cs5=Cs- PBA5=-g
Since the relative profits are both negative, this means that the current basic solution isoptimal! The
optimal profit istherefore 300 .

3a) Dual problem:
Min 33Y1+40Y2+70Y3

st 11Y1+8Y2+7Y3R 2
3Y1+5Y2+10Y33 1
Y1£0,Y220,Y33 0

3b) Dual problem:
Max 33Y1+40Y2+70Y3

st Y 1+2Y 2=22
-Y2+Y3E-1
3Y1+5Y3F 5
Y1lurs, Y2£0,Y330
mmmmmmmmmmmmmmmmmmmm

Homework #4
1) Exercise 2, 85.2, page 211 of Winston, 3rd edition;

"Carco manufactures cars and trucks. Each car contributes $300 to prafit, and each truck contributes
$400. The resources required to manufacture a car and atruck are shown in the table below.

Vehicle | Dayson Type DaysonType | Tonsof
Type 1 Machine 2 Machine Steel
Car 0.8 0.6 2

Truck 10 0.7 3

Each day, Carco can rent up to 98 type 1 machines at a cost of $50 per machine. At present, the
company has 73 type 2 machines and 260 tons of steel available. Marketing considerations dictate
that at least 88 cars and at least 26 trucks be produced. Let x4 = number of cars produced daily; xo =
number of trucks produced daily; and mq = type 1 machines rented daily.
To maximize profit, Carco should solve the LP

MAX 300 X1 + 400 X2 - 50 ML

ST
0.8 X1 + X2 - M <=0
ML <= 98

0.6 X1 + 0.7 X2 <= 73
2 X1 + 3 X2 <= 260
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X1 >= 88
X2 >= 26
END
Use the LINDO output (given in the textbook, page 212) to answer the following questions:
a. If each car contributed $310 to profit, what would be the new optimal solution to the problem?

b. If Carco were required to produce at least 86 cars, what would Carco's profit become?"
2.) Exercise 6, Review Problems, page 227 of Winston, 3rd edition:

Gepbab Production Company uses labor and raw material to produce three products. The resource
requirements and sales price for the three products are as shown in the tale bel ow:

| Product 1 Product 2 Product 3
Labor | 3 hours 4 hours 6 hours
Raw material | 2 units 2 units 5 units
Sdesprice | $6 $8 $13

At present, 60 units of raw material are available. Up to 90 hours of labor can be purchased at $1 per
hour. To maximize Gepbab profits, solve the following LP:

MAX 6 X1+8X2+13X3-L

ST

3X1+4X2+6X3-L<=0

2X1+2X2+5X3<=60

L <=90

END
Here, Xj = units of product i produced, and L = number of labor hours purchased. Usethe LINDO
output in figure 21 (page 228 of the text) to answer the following questions:

a. What isthe most the company would be willing to pay for another unit of raw material?
b. What isthe most the company would be willing to pay for another hour of labor?

c. What would product 1 have to sdll for to make it desirable for the company to produce it?
d. If 100 hours of labor could be purchased, what would the company's profit be?

e. Find the new optimal solution if product 3 sold for $15.

3.) Writethedua LP of thefollowing primal LP:

Maximize 12X1 +X2 + 5X3
subjectto  X;-3X3=33
2X1+ X2 £ 40
X2 +5X33 70

X1 unrestricted insign, X23 0, X3£0

4)) Consider the LP:
Minimize 4X1 - X»
subjectto  2Xq +X2£8
X2£5
X1- Xo£4
X130, X220
a. Indicate on the graph below the feasible region:
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b. For each of points A, B, C, D, and E, representing basic solutions of the LP, identify which variables

(including slack variables) are basic.

c. Whichif any of the five points above are "degenerate” basic solutions? Which are infeasible?
d. Compute the objective vaues of the feasible extreme points and determine the optimal solution.
e. Writethe dual of the LP above. (Warning: note the direction of the inequalities!)

f. According to the complementary slackness theorem, knowing the positive variables in the primal
optimal solution, which dual constraint(s) must be "tight” (i.e., slack or surplus equals zero)? By the

same theorem, knowing which primal constraints are "slack™ at the optimum, which dual variable(s) must

be zero?

g. Write the equation(s) determined in (f), substitute zero values which were determined for the dual
variable(s) and solve for the remaining dual variable(s).

h. What is the dual objective value for the solution determined in (g)? Isit optimal?

mmmmmmmmmmmmmmmmmmmm

Solution:

1a) If each car contributed $310 to profit, what would be the new optimal solution to the problem?

Solution. Sincethereduced cost for X1 is 0 and the allowable increase for X1 is 20, the basic variable
remainsthe same. The objective value = 32540+(310-300)(88)=33420.

1b.) If Carco were required to produce at least 86 cars, what would Carco's profit become?"
Solution. Thedua pricefor constraint #X1 >= 88 is-20 and allowed decrease is 3, therefore, the profit
becomes 32540+(86-88)(-20)=32580.

2) a. What isthe most the company would be willing to pay for another unit of raw material?
Solution. $0.5. (Sincethedual price for constraint #3 is $0.5)
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b. What isthe most the company would be willing to pay for another hour of labor?

Solution. $1.75. (There are two waysto obtain this value:

i. Thedual pricefor row #4 is $0.75, implying that they could afford to spend up to 75¢ per hour to
expand the labor supply, which they could then purchase for $1.00.

ii. Thedua pricefor row #2 is$1.75, implying that using one more hour than is purchased would
increase their profits by $1.75.)

c. What would product 1 have to sdll for to make it desirable for the company to produce it?
Solution. $6.25. (Thereduced cost for product #1 is $0.25. Thus, in order to balance, the sell
priceisat least $6+$0.25=$6.25)

d. If 100 hours of labor could be purchased, what would the company's profit be?
Solution. $105. (Changing the RHS of constraint #4 from 90 to 100. Since the allowable increase
is 30, the profit becomes $97.5+%$0.75(100-90)=$105.

e. Find the new optimal solution if product 3 sold for $15.
Solution. $112.5. (Sincethe allowableincrease for X3 is 3, the basics remain the same. The
objective value becomes $97.5+($7.5)(2)=$112.5.

3.) (Dual)
Min 33Y 1+ 40Y2 + 70Y3
st. YI+2Y2 =12

Y2+Y3 31
-3Y1  +5Y3£5

Y1urs, Y220, Y3EO.

4)) a. Indicate on the graph below the feasible region:

b.

Inserting the slack variables to primal problem, we obtain
Minimize 4X1 - Xo

subjectto  2Xq +Xo+ Sl =8
X2 +S2 =5
X1- Xo +S3=4
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X130, X220, S130, S22 0, S33 0.

point basic variable

A S1, S2, S3 (since X1=X2=0 and S1>0, S2>0, S3>0)

B X1, S1, S2 (since X1>0, S1>0. We arbitrarily choose the other
one basic variable from X2, S2, S3)

C X2, S1, S3 (since X1=S2=0, X2>0, S1>0, S3>0)

D X1, X2, S3 (since S1=0, S2=0)

E X2, 82, S3 (since X1=S1=0)

c. Point B is degenerate, since some element of basic variablesis 0 (e.g. S2=0).
Point E isinfeasible, since S2=-3<0.

d. Point Objective value
A 0
B 16
C -5
D 1

Thus, the optimal solution is point C with objective value -5.

e. Max 8Y1+5Y2+4Y3
st. 2Y1 +Y3£E4
Y1+Y2-Y3E-1
Y1£0, Y2£0, Y3£0

f. The optimal solution for primal is point C=(0, 5) in which X1=0,X2=5, S1=3, S2=0, S3=9. Hence
the constraints #1 and #3 in primal are tight, which imply Y 1=Y 3=0.

g. Asabove, since X2=5>0, constraint #2 in dual problem must betight, i.e.,
Y1+Y2-Y3=-1. Because Y1=Y3=0 by (f), we get Y2=-1.

h. Objective value for dual is 8(0)+5(-1)+4(0)=-5.
Since primal objective value=dual objective value=-5, Y=(0,-1,0) isthe optimal.

mmmmmmmmmmmmmmmmmimmm
Homework #5

1.) Continuation of second exercise from HW#4 (Gepbab Prod'n Co., Exercise 6, Review Prablems, page
227 of Winston, 3rd edition):

Gepbab Production Company uses labor and raw materia to produce three products. The resource
requirements and sales price for the three products are as shown in the tale bel ow:

| Product 1 Product 2 Product 3
Labor |  3hours 4 hours 6 hours
Raw materiad | 2 units 2 units 5 units
Sdesprice | $6 $8 $13

At present, 60 units of raw materia are available. Up to 90 hours of labor can be purchased at $1 per
hour. To maximize Gepbab profits, solve the following LP:

MAX 6 X1+8X2+13X3-L

ST

3X1+4X2+6X3-L<=0

2X1+2X2+5X3<=60

L<=90

END
Here, Xj = units of product i produced, and L = number of labor hours purchased.
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OBJECTI VE FUNCTI ON VALUE

1)

VARI ABLE
X1

X2

X3

L

2)
3)

97. 5000000
VALUE REDUCED COST
. 000000 . 250000
11. 250000 . 000000
7.500000 . 000000
90. 000000 . 000000
ROW  SLACK OR SURPLUS DUAL PRI CES
. 000000 . 750000
. 000000 . 500000
. 000000 . 750000

4)

RANGES I N WHI CH THE BASI S | S UNCHANGED:

0OBJ COEFFI CI ENT RANGES

VARI ABLE CURRENT ALLOMBLE ALLOMBLE
CCEF I NCREASE DECREASE
X1 6. 000000 . 250000 I NFINITY
X2 8. 000000 . 666667 . 666667
X3 13. 000000 3. 000000 1. 000000
L -1. 000000 INFINITY . 750000
Rl GHTHAND SI DE RANGES
ROW CURRENT ALLONABLE ALLOMABLE
RHS | NCREASE DECREASE
2 . 000000 30. 000000 18. 000000
3 60. 000000 15. 000000 15. 000000
4 90. 000000 30. 000000 18. 000000
THE TABLEAU
ROW (BASI S) X1 X2 X3 L SLK2 SLK 3 SLK 4
1 ART .250 .000 .000 .000 1.750 . 500 . 750 97.500
2 X2 .375 1.000 .000 .O000 .625 -.750 . 625 11. 250
3 X3 .250 .000 1.000 .000 -.250 .500 -.250 7.500
4 L .000 .000 .000 1.000 . 000 .000 1.000 90. 000

a. If the quantity of product 1 which is produced were to increase by 20 units, then according to the
"substitution rates' in the optimal tableau above, what is
the quantity of product 2 produced?
the quantity of product 3 produced?
the labor hours purchased ?
b. Isthe (honoptimal) solution which you find in (@) basic or nonbasic ?
If nonbasic, how much of product 1 should be produced in order to obtain a basic solution?
c. What isthe equation form of the raw material availability inequality? What isthe name of the dack
variable? What isthe value of this dack variable in the optimal solution? Isit basic or nonbasic?
d. If the RHS remains unchanged, but the amount of raw material used were to increaseto 70, what
would be the value of the dack variable? (Note that this value would be infeasible according to the
original problem definition!)
e. According to the substitution rates in the tableau above, if the dack variable (unused raw material)
were to change from its current value to the value which you specified in (d), what would be
the quantity of product 1 produced?
the quantity of product 2 produced?
the quantity of product 3 produced?
the labor hours purchased ?

9/19/97
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2.) Exercise 16, Chapter 5 Review Problems, pages 231-232 of Winston, 3rd edition:

Cornco produces two products: PSand QT. The sales price for each product and the maximum
guantity of each that can be sold during each of the next three months are:

| Month 1 | Month 2 | Month 3
Product | Price Demand | Price Demand | Price Demand
PS | $40 50 | $60 45 | $55 50
QT | $35 43 | $40 50 | $44 40

Each product must be processed through two assembly lines: 1 and 2. The number of hours
required by each product on each assembly line are:

Produce | Linel Line2
PS |  3hours 2 hours
QT |  2hours 2 hours

The number of hours available on each assembly line during each month are:

Line | Month1 Month 2 Month 3
1 | 1200 160 190
2 | 2140 150 110

Each unit of PS requires 4 pounds of raw material, while each unit of QT requires 3 pounds. Up to
710 units of raw material can be purchased at $3 per pound. At te beginning of month 1, 10 units of
PS and 5 units of QT are available. It costs $10 to hold a unit of either product in inventory for a
month. Solvethis LP on LINDO and use your output to answer the following questions:

a Find the new optimal solution if it costs $11 to hold a unit of PSin inventory at the end of month
1.

b. Find the company's new optimal solution if 210 hours on line 1 are available during month 1.

c¢. Find the company's new profit level if 109 hours are available on line 2 during month 3.

d. What isthe most Cornco should be willing to pay for an extra hour of line 1 time during month 2?

e. What isthe most Cornco should be willing to pay for an extra pound of raw material ?

f. What isthe most Cornco should be willing to pay for an extra hour of line 1 time during month 3?

g. Find the new optimal solution if PS sells for $50 during month 2.

h. Find the new optimal solution if QT sdllsfor $50 during month 3.

i. Suppose spending $20 on advertising would increase demand for QT in month 2 by 5 units.
Should the advertising be done?

3. Consider the transportation problem with the tableau:

destination
1 2z 3 4 3upply

Hlal 7] ]=]]z] B
&
g =5 [7)|[5] 6
Nz [a|[=|[4] 4

demand 5 06 04 2

a. Isthisa"baanced" transportation problem? (If not, modify it so as to obtain an equivalent balanced
problem.)
b. How many basic variableswill this problem have?
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c. Usethe "Northwest-Corner Method" to obtain an initial feasible solution. Isit basic? Isit
degenerate? What isits cost?

d. Apply the transportation simplex method to this problem, using dual variablesin order to evaluate the
reduced costs at each iteration.

mmmmmmmmmmmmmmmmmmmm
Solutions:
1) a

the quantity of product 2 produced? 3.75

the quantity of product 3 produced? 2.5

the labor hours purchased ?_90
b. Nonbasic. Since there are three constraints, at most three variables are positive. But now, four
variables are positive (x1=20, x2=3.75, x3=2.5, L=90).
gorofityy ¢97.5( ¢0.25
~ éx, U0 d1250 @&.3750 _ . _
Since 4 0T &75 0" 025 v 0 get anew basic solution we have to increase x, such that

€ x
§L H 8ol &o
one of the basic variables (i.e. x2,x3,L) leaves the basic (i.e., such that one of these three variable are

. . . 11125 75 i . . .
zero). Therefore, increasing x, = ming———,——y =30 , we will obtain anew basic solution
10.375 O.ZSE

(x1,x2,L)=(30,0,90) or (x1,x3,L)=(30,0,90). Note that the new basic is degenerate.

C. 2x1+2x2+5x3+SLK3=60. SLK3=0 at optimal. It isnonbasic (since basic variables are x1,x2,x3,L
at optimal).

d. Changethe RHS from 60 into 70. The SLK3 is changed from 0 into -10.

the quantity of product 1 produced? 0

the quantity of product 2 produced? _3.75
the quantity of product 3 produced?_12.5
the labor hours purchased ?_90

2) Define: PSi=# of products of PS produced in month i, i=1,2,3.
PSil=inventory of PSin monthi, i=1,2,3.
QTi=# of products of QT produced in month i, i=1,2,3.
QTil=inventory of QT in monthi, i=1,2,3.

Note: For assembly line, there need 3 hrsinLine 1 and 2 hrsin Line 2 to produce one PS
unit (i.e., total =5 hrs) etc.

LP model and LINDO outputs are as below:

MAX 28 PS1 + 48 PS2 + 43 PS3 + 26 QI1l + 31 Qr2 + 35 Qr3
- 10 PS1lI - 10 PS21 - 10 PS31 - 10 Qril - 10 Qr2l - 10 Qr3l

SUBJECT TO
2) PSL - PSll <= 40
3) PS2 + PS1l - PS2l <= 45
4) PS3 + PS2l - PS3l <= 50

5) Qrl - Qril <= 38
6) Qr2 + Qril - Qra2l <= 50
7) Qr3 + Qr2l - Qr3l <= 40
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8) 3 PS1 + 2 Q1 <= 1200
9) 2 PS1 + 2 QI1l <= 2140
10) 3 PS2 + 2 QT2 <= 160
11) 2 PS2 + 2 QT2 <= 150
12) 3 PS3 + 2 QI3 <= 190
13) 2 PS3 + 2 QI3 <= 110
14) 4 PS1 + 4 PS2 + 4 PS3 + 3 QTL + 3 QT2 + 3 QI3 <=
END
go
LP OPTI MUM FOUND AT STEP 8
OBJECTI VE FUNCTI ON VALUE
1) 6999. 16650
VARI ABLE VALUE REDUCED COST
PS1 40. 000000 0. 000000
PS2 45. 000000 0. 000000
PS3 50. 000000 0. 000000
Qri 39. 166668 0. 000000
Qr2 12. 500000 0. 000000
Qr3 5. 000000 0. 000000
PS1I 0. 000000 7.500000
PS2I 0. 000000 8. 500000
PS3| 0. 000000 7.333334
Qril 1.166667 0. 000000
qQral 0. 000000 10. 000000
Qral 0. 000000 10. 000000
ROW SLACK OR SURPLUS DUAL PRI CES
2) 0. 000000 6. 666666
3) 0. 000000 4. 166666
4) 0. 000000 2. 666666
5) 0. 000000 10. 000000
6) 36. 333332 0. 000000
7) 35. 000000 0. 000000
8) 1001. 666687 0. 000000
9) 1981. 666626 0. 000000
10) 0. 000000 7.500000
11) 35. 000000 0. 000000
12) 30. 000000 0. 000000
13) 0. 000000 9. 500000
14) 0. 000000 5. 333333
NO. | TERATI ONS= 8
DO RANGE( SENSI TI VI TY) ANALYSI S?
?y
RANGES | N WHI CH THE BASI S | S UNCHANGED
OBJ COEFFI Cl ENT RANGES
VARI ABLE CURRENT ALLOWABLE ALLOWABLE
COEF | NCREASE DECREASE
PS1 28. 000000 7. 500000 6. 666666
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PS2 48. 000000 8. 500000 4.166666

PS3 43. 000000 7.333334 2.666666

Qri 26. 000000 5. 000000 5. 000000

Qr2 31. 000000 2. 777777 5. 666667

Qr3 35. 000000 2. 666666 7.333334
PS1I -10. 000000 7.500000 I NFINITY
PS2I -10. 000000 8. 500000 I NFINITY
PS3I -10. 000000 7.333334 I NFINITY

Qril -10. 000000 5. 000000 5. 000000
Qr2i -10. 000000 10. 000000 I NFINITY
Qr3l -10. 000000 10. 000000 I NFINITY

Rl GHTHAND SI DE RANGES

ROW CURRENT ALLONABLE ALLOMNABLE
RHS | NCREASE DECREASE

2 40. 000000 0. 875000 27. 250000

3 45. 000000 8. 333333 7. 000000

4 50. 000000 3. 500000 35. 000000

5 38. 000000 1. 166667 36. 333332

6 50. 000000 INFINITY 36. 333332

7 40. 000000 INFINITY 35. 000000

8 1200. 000000 INFINITY 1001. 666687

9 2140. 000000 INFINITY 1981. 666626

10 160. 000000 2. 333333 25. 000000

11 150. 000000 INFINITY 35. 000000

12 190. 000000 INFINITY 30. 000000

13 110. 000000 2.333333 10. 000000

14 710. 000000 109. 000000 3. 500000

a Remain the same. Sincethe allowable decreasing for PS1I isinfinity.
b. Remain the same.

c. Thedual pricefor row 13is9.5 and allowable decrease is 2.333, thus, new profit=6999.1665-
9.5(1)=6989.665.

d. 7.5 (sincedua pricefor row 10is7.5)

e. 5.3333(thedua pricefor row 14).

—n

Zero. (since the dua price for row 12 is0).
g. We cannot find. (since the allowable decrease for PS2 is 4.166 which isless than 10).
h. Wecannot find. (sincethe allowableincreasefor QT3 is2.666 which isless than 6).

i. No. Sincethedua pricefor row 6 is zero and the allowable increase isinfinity.

a It's balanced.
b. 4+3-1=6.

c
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5 |3 | | ]
0 4 7 9 2
2 (3 _ |3 | _|

3 5 7 3
1 3
-1 2 4 8 4

It is basic and nondegenerate. Cost=5(4)+3(7)+3(5)+3(7)+1(8)=3(4)=97.

d.
v
u 4 7 9 5
5 S R
0 4l 7] [o| [2] e31=2-(4-1)<0
-2 B S T — x31 entersinto bassic
3 5 7 3
j x33 leaves the basic
1 —T——T+ | 3 |
2 4 8 4
v
u 4 7 9 6
. 4__| 4_ N c14=2-(6+0)<0
4 ! 9 2 x14 entersinto basic
ol 2 _Ja | ||
3 5 7 3 X34 |leaves the basic
1 1 3 |
2 2 4 8 4
v
u 4 7 9 2
, 1|4 e €32=4-(7-2)<0
4 |7 9 2 x32 entersinto basic
ol dd 1a | |
3 5 7 3 x12 leaves the basic
4
) —  —
7 4] [8] [4
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u 4 6 8 2
5
'@ [l 62 .
All reduced costs are nonnegative.
> 4 Stop the procedure.
-1 — — — —
3 5 7 3
0| N (R
2 2 4 8 4

Optimal solution is x11=5, x14=3, x22=2, x23=4, x31=0, x32=4.
Tota cost = 5(4)+3(2)+2(5)+4(7)+0(2)+4(4)=80.

mmmmmmmmmmmmmmmmmmimm

Homework #6

1) Assignment Problem. Supposethat 4 jobs are to assigned to 4 machines, with the cost matrix

determined as follows:

Y¥our 9-digit

student 10¥ || €y |Cy5 [Cyz | Cya [ C2y|Con | Coz |Caq |Cay

Your 7-digit MACHINE ]
telephone # || Czo [Czz | Czq | C4q [Caz [Caz |Cag Cij| 1+ &2 3 4

write your ID* and phone *
dbove, and then transfer to
the 4x4 cost matrix to the
right:

a. Perform row & column reduction, and write the resulting matrix (reduced matrix #1) on the left below .
b. How many (horizontal &/or vertical) lines are required to "cover" al of the zeroesin reduced matrix

#17?

oo

Isthere a zero-cost assignment possible in reduced matrix #1?
. If theanswer in (c) is"yes", what is that assignment? (write the solution below and stop.)

Otherwise, perform ancther reduction (which will ater the location of the zeroes, perhapsincreasing the
number of zeroes) and write the result in reduced matrix #2 below.
e. How many (horizontal &/or vertical) lines are required to "cover" al of the zeroes in reduced matrix #2?

—
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MACHINE ] MACHINE j MACHINE j

1 2 3 4 1 2 3 4 1 2 3 4
1 1 1
- £ -2 _z
nn] n] n]
—_ (] (]
-3 R R
4 4 4
Feduced matrix #1 Peduced matriz #2 Peduced matriz #3

g. If theanswer in (f) is yes, write the solution below and stop; otherwise, perform another reduction and
write the result in reduced matrix #3 on the right below.

h. How many (horizontal &/or vertical) lines are required to "cover" al of the zeroesin reduced matrix
#3?

i. Isthere azero-cost assignment possible in reduced matrix #3?

j. If theanswer in (i) is yes, write the solution below.

Jab 1|23 4
Maching

solution:

Tatal cost:

2. Decision Analysis. Thefollowing matrix gives the expected profit in thousands of dollarsfor five
marketing strategies and five potential levels of sales:
Level of sales
1 2 3 4 5
| 10 20 30 40 50
| 20 25 25 30 35
| 50 40 5 15 20
| 40 35 30 25 25
10 20 25 30 20
a. What marketing strategy would be chosen according to the maximinrule?
b. What marketing strategy would be chosen according to the maximinrule?
¢. Compuite, for each combination of strategy/sales level, the "regret":
Level of sales
1 2 3 4 5

Strategy

G wWNPEF

£
2
a A~ w N R

d. What marketing strategy would be chosen according to the minimax regret rule?

3. Decision Tree. (Exercise 2, 813.3, page 753 of Winston'stext, 3rd edition.)
The decision sciences department is trying to determine which of two copying machines to purchase.
Baoth machines will satisfy the department’'s needs for the next ten years.
Machine 1 costs $2000 and has a maintenance agreement, which, for an annua fee of $150, coversall
repairs. Machine 2 costs $3000, and its annual maintenance cost is arandom variable. At present, the
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decision sciences department believes there is a 40% chance that the annual cost for machine 2 will be $0, a
40% chanceit will be $100, and a 20% chance it will be $200.

Before the purchase decision is made, the department can have atrained repairer evaluate the quality of
machine 2. If therepairer believes that machine 2 is satisfactory, there isa60% chance that its annual
maintenance cost will be $0 and a 40% chance that it will be $100. If the repairer believesthat machine2is
unsatisfactory, there is a20% chance that the annual maintenance cost will be $0, a40% chance it will be
$100, and a40% chance it will be $200. If there is a50% chance that the repairer will give a satisfactory
report, what isthe EV S (i.e,, the expected value of the repairer'sreport)? If the repairer charges $40, what
should the decision sciences department do? What is EVPI (expected value of perfect information)?

mmmmmmmmmmmmmmmmmmmm

Homework #7
1) Decision Tree. (Exercise #9, §13.4, page 762 of Winston, O.R., 3rd edition)

The government is attempting to determine whether immigrants should be tested for a contagious disease.
Let's assume that the decision will be made on afinancial basis. Assume that each immigrant who is alowed
into the country and has the disease costs the United States $100,000, and each immigrant who enters and
does not have the disease will contribute $10,000 to the national economy. Assume that 10% of al potential
immigrants have the disease. The government may admit al immigrants, admit no immigrants, or test
immigrants for the disease before determining whether they should be admitted. It costs $100 to test aperson
for the disease; the test result is either positive or negative. If the test result is positive, the person definitely
has the disease. However, 20% of all people who do have the disease test negative. A person who does not
have the disease always tests negative. The government's goal isto maximize (per potential immigrant)
expected benefits minus expected costs.

a. Compute the probability that a potential immigrant has the disease if the test result is negative.
b. Draw the decision tree for this problem.

c. Find the optimal decision.

d. What isthe expected value of thetest (EVSI)?

e. What isthe expected value of perfect information (EVPI)?

2. Project Scheduling (Exercises 16 & 17, 88.4, pages 434-435, Winston, O.R., 3rd edition, with
modifications)

Project *1

Project *2

O3

For each project network above:

a. Using the forward pass & backward pass procedures, compute the early time (ET) and latetime (LT) for
each node.
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b. For each activity, find the early start time (ES), early finish time (EF), late start time (L S), late finish time
(LF), and the total float (dack).
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Project #1.: Project #2:

Activity ES EF LS LF TF Activity ES EF LS LF TF
A A
B B
c c
o _ o _
e __ __ E
F F
¢ ¢
H H

e - - . .
Jo - _
K - - _ _ __
L - - _ _ _

c. Find the critical path.
d. Draw the corresponding A-O-N (activity on node) network.

In the case of project #2, assume that the durations specified on the network are the expected values (in
days), but that the actual durations are random variables. Also assume that the standard deviations of all of
the activities are 25% of the expected values. (E.g., the duration of activity L has mean 6 days and standard
deviation 1.5 days.)

e. Assuming (as does PERT) that the critical path found in (c) isalways critical, what isthe expected length
and the standard deviation of the length of the critical path?

f. Assuming (as does PERT) that the length of the critical path is normally distributed, what is the probability

that project #2 is completed within 30 days? Use the table on pages 632-633 of Winston, O.R. (3rd
edition) or asimilar table from a probability & statistics textbook.

mmmmmmmmmmmmmmmmmmmm

Solutions:
1)
a. LetD: disease, ND: no disease, -: negative test, and +: positive test.
(D} )= PCIDPO) _ P(-ID)P(D)
P(-) P(-|D)P(D) + P(-|ND)P(ND)
B 0.2(0.2) _ 002 1
0.2(0.1)+1.0(09) 0.92 46
b. Seenext page.

¢. From the decision treein (b), the optimal decisionis: Do thetest. Accept the
immigrants whose test results are negative and reject the immigrants whose test results are
positive.

d. EVSI=EVWSI-EVWOI=7000 - 0 =7000.

e. EVPI=EVWPI-EVWOI=9000-0=9000.
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$9000 @

$-100000
10000

Solution for (b).

immigrant
0

Disease
-1000 10%
@4 o0 $10000
no disease

o
no

5 10000

(mmi gran
no
immigran %0

$-100000

0
Disease_ 1006 g0

no test

6900
1 7000
8%

immigrant

100% $-100000
0

test \°
-100

92%
negativ

D
positive

» 0% $10000

no
N le ,_(. 100% $0

7608.7

immigr a»”b/%' 1/46  $-100000

45/46 $10000

Project *1
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26087 N0 disease
no
immigran Di
o]
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146 $0
0
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9/19/97

page 32



Project *2

O 3 0O
f/

For each project network above:

a. Using the forward pass & backward pass procedures, compute the early time (ET) and latetime (L T) for
each node.

b. For each activity, find the early start time (ES), early finish time (EF), late start time (L S), late finish time
(LF), and the total float (dack).
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Project #1.:
Activity ES EF LS LF TF
A 0 2 0 2 0
B 2 8 2 8 0
C 2 6 6 10 4
D 8 12 8 12 0
E 6 8 10 12 4
F 8 9 13 14 5
G 12 14 12 14 O
H 6 7 13 14 7

c. Project #1: A-B-D-G, Project#2: A-B-F-1-H-L.

d. Project #1:

Project #2:

Project #2:

Activity ES EF LS LF TF
A 0 3 0 3 0
B 3 6 3 6 0
C 3 7 6 10 _3
D 3 6 4 7 1
E 6 9 7 10 1
F 6 10 6 _10 O
G 6 11 10 15 4
H 15 21 15 21 O
I 10 15 10 15 O
J 10 14 17 21 7
K 6 8 19 21 13
L 21 27 21 27 O

e. Lat T, arandom variable, be the competition time of the project.
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Critical pathis: A-B-F-1-H-L, thus, E(T) = 27 and

Var(T)= (3" 25%)° + (3" 25%)° +(4~ 25%)*+ (6~ 25%)" + (5" 25%)° + (6~ 25%)’
=8.8175

That iss (T) =/8.8175.

eT-27 30-27y _eeT-27

f. (TEN)=P——Ff— =P — £1.056:85%.
( ) e,/8.1875 ./8.18752  €,/8.1875 2
- 27
Note: » Normal (0,1).
J/8.1875 (01)

mmmmmmmmmmmmmmmmmmmm

Homework #8
(1) Integer Programming Formulation. (Exercise #17, 89.2, page 494 of Winston, O.R., 3rd edition)

A product can be produced on four different machines. Each machine has afixed setup cost, variable production
costs per unit processed, and a production capacity as follows.

Machine Fixed cost Variable cost/unit Capacity
1 $1000 $20 900
2 $920 $24 1000
3 $800 $16 1200
4 $700 $28 1600

A total of 2000 units of the product must be produced. Formulate an integer linear programming modd to tell us
how to minimize total costs. Solve with LINDO (or other software package.)

Hint: Define X; = number of units produced on machine#i and Y; = 1 if machine #i is used, O otherwise.
(2.) Integer Programming Formulation. (Exercise #20, §89.2, page 494 of Winston, O.R., 3rd edition)
WSP Publishing sells textbooks to college students. WSP has two sales representatives available to assign
tothe A-G state area. The number of college students (in thousands) in each state is given in the figure
below. Each sales representative must be assigned to two adjacent states. For example, asalesrep could
be assigned to A and B, but not A and D. WSP's goal isto maximize the total humber of studentsin the

states assigned to the salesreps. Formulate an integer linear programming model whose solution will tell
you where to assign the sales reps. Then use LINDO to solve your IP.

F 13

D
21

(3.) Integer Programming Formulation. (Exercise #37, 89.2, page 499 of Winston, O.R., 3rd edition)
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The Indiana University Business School has two rooms that seat 50 students, one room that seats 100
students, and one room that seats 150 students. Classes are held five hoursaday. At present the four types
of requests for rooms are listed in the table below:
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Type Size room reguested Hours reguested # of requests

1 50 seats 2,34 3
2 150 seats 1,2,3 1
3 100 sesats 5 1
4 50 seats 1,2 2

(For example, the type 1 request is for three consecutive hours, namely hours 2,3, & 4, and there arethree
such requests.)

The business school must decide how many requests of each type should be assigned to each type of room.
Penalties per hour for each type of assignment are:

Size Sizes Used to Satisfy Request

Requested 50 100 150
50 0 2 4
100 X 0 1
150 X X 0

(For example, if a type 1 request is assigned to the roomwith 100 seats, then the penalty will be 2x3=6.)

An"X" meansthat arequest must be satisfied by aroom of adequate size. Formulate an integer linear
programming model whose solution will tell the business school how to assign classes to roomsin away that
minimizestotal penalties. Use LINDO or other software to solve the problem.

Hint: Number the requests (#1-7), and label the rooms A-D (A & B with 50 seats, C with 100, etc.) Define
variables such as X1a = 1if request #1 is assigned to room A, and 0 otherwise.

mmmmmmmmmmmmmmmmmmmm
Solutions:

1) Seethe LINDO outputs are below. Producing 800 units by machine #1 and 1200 units by machine #3, and the
total cost is $37000.

M N 1000 Y1 + 920 Y2 + 800 Y3 + 700 Y4 + 20 X1 + 24 X2 + 16 X3
+ 28 X4
SUBJECT TO
2) X1+ X2 + X3 + X4 = 2000
3) - 900 Y1+ X1<= O
4)y - 1000 Y2 + X2 <= O
5) - 1200 Y3 + X3 <= 0
6) - 1600 Y4 + X4 <= 0
END
| NTEGER- VARI ABLES= 4
: go
LP OPTI MUM FOUND AT STEP 9
OBJECTI VE FUNCTI ON VALUE
1) 36888. 8906
VARI ABLE VALUE REDUCED COST
Y1 0. 888889 0. 000000
Y2 0. 000000 920. 000000
Y3 1. 000000 - 5333. 333008
Y4 0. 000000 700. 000000
X1 800. 000000 0. 000000
X2 0. 000000 2.888889
X3 1200. 000000 0. 000000
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X4 0. 000000 6. 888889

ROW SLACK OR SURPLUS DUAL PRI CES
2) 0. 000000 -21.111111
3) 0. 000000 1.111111
4) 0. 000000 0. 000000
5) 0. 000000 5.111111
6) 0. 000000 0. 000000
NO. | TERATI ONS= 9
BRANCHES= 0 DETERM = -9.000E 2
FI X ALL VARS. ( 2) WTHRC > 700. 000
SET Y1l TO 1 AT 1 BND= -37000. 000 TWN= -37000. 000
NEW | NTEGER SOLUTI ON OF  37000. 0 AT BRANCH 1 PIVOT 10

OBJECTI VE FUNCTI ON VALUE

1) 37000. 0000
VARI ABLE VALUE REDUCED COST
Y1 1. 000000 1000. 000000
Y2 0. 000000 920. 000000
Y3 1. 000000 -4000. 000000
Y4 0. 000000 700. 000000
X1 800. 000000 0. 000000
X2 0. 000000 4. 000000
X3 1200. 000000 0. 000000
X4 0. 000000 8. 000000
ROW SLACK OR SURPLUS DUAL PRI CES
2) 0. 000000 - 20. 000000
3) 100. 000000 0. 000000
4) 0. 000000 0. 000000
5) 0. 000000 4.000000
6) 0. 000000 0. 000000
NO. | TERATI ONS= 10
BRANCHES= 1 DETERM = 1.000E O
BOUND ON OPTI MUM  36888. 89
DELETE Y1 AT LEVEL 1
RELEASE FI XED VARS.
ENUVERATI ON COVPLETE. BRANCHES= 1 PIVOTS= 13

LAST | NTEGER SOLUTION IS THE BEST FOUND

(2)
Define: XAB=L1if statesboth A and B are served by one of the representatives, otherwise 0
XAC=1if states both A and C are served by one of the representatives, otherwise 0
and so on.
The LINDO outputs are shown as below. The optimal solution isto assign these two representatives for statesB & E,
and D & G with 177 students being served.

VAX 63 XAB + 76 XAC + 71 XBC + 50 XBD + 85 XBE + 63 XCD
+ 77 XDE + 39 XDF + 92 XDG + 74 XEF + 89 XFG
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SUBJECT TO

XCD + XDE + XDF

XFG = 2 (two representatives are available)
1 (two representatives cannot serve state A simultaneously)

1 (thesamereason for state B)

1 (thesamereason for state D)

2) XAB + XAC + XBC + XBD + XBE +
+ XDG + XEF +
3) XAB + XAC <=
4) XAB + XBC + XBD + XBE <=
5) XAC + XBC + XCD <= 1 (thesamereason for state C)
6) XBD + XCD + XDE + XDF + XDG <=
7) XBE + XDE + XEF <= 1 (thesamereason for state E)
8) XDF + XEF + XFG <= 1 (thesamereason for state F)
9) XDG + XFG <= 1 (the same reason for state G)
END
| NTEGER- VARl ABLES= 11
. go
LP OPTI MUM FOUND AT STEP 5
OBJECTI VE FUNCTI ON VALUE
1) 177. 000000
VARI ABLE VALUE REDUCED COST
XAB 0. 000000 22. 000000
XAC 0. 000000 9. 000000
XBC 0. 000000 14. 000000
XBD 0. 000000 35. 000000
XBE 1. 000000 0. 000000
XCD 0. 000000 22.000000
XDE 0. 000000 8. 000000
XDF 0. 000000 46. 000000
XDG 1. 000000 -3.000000
XEF 0. 000000 11. 000000
XFG 0. 000000 0. 000000
ROW SLACK OR SURPLUS DUAL PRI CES
2) 0. 000000 85. 000000
3) 1. 000000 0. 000000
4) 0. 000000 0. 000000
5) 1. 000000 0. 000000
6) 0. 000000 0. 000000
7) 0. 000000 0. 000000
8) 1. 000000 0. 000000
9) 0. 000000 4. 000000
NO. | TERATI ONS= 5
BRANCHES= 0 DETERM = 1.000E O

FI X ALL VARS. (

8) WTH RC >

LP OPTIMUIM IS I P OPTI MUM

3. 00000

LAST I NTEGER SOLUTION IS THE BEST FOUND

(3.) Asthe LINDO outputs, the optimal solutionis:

Assign the request #1 to room A,
Assign the request #2 to room D,
Assign the request #3 to room C,
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Assign the request #4 to room B,

and the total penaltiesis zero.

M N 6 XIC + 12 XID + X3D + 6 X4C + 12 X4D ( tota penalties)
SUBJECT TO
2) X1IC + X1D + XlA + X1B = 1 (request#1 must be satisfied)
3) X2A + X2B + X2C + X2D = 1 (request#2 must be satisfied)
4) X3D + X3A + X3B + X3C = 1 (request#3 must be satisfied)
5) X4C + X4D + X4A + X4B = 1 (request #4 must be satisfied)
6) X2A = 0 (reguest#2 cannot be assigned to room A)
7) X2B = 0 (request#2 cannot be assigned to room B)
8) X2C = 0 (reguest#2 cannot be assigned to room C)
9) X3A = 0 (reguest#3 cannot be assigned to room A)
10) X3B = 0 (reguest #3 cannot be assigned to room B)
11) X1A + X2A + X4A <= 1 (only oneof requests 1,2 and 4 can be assigned to room A
simultaneoudly)
12) X1B + X2B + X4B <= 1 (only oneof requests 1,2 and 4 can be assigned to room B
simultaneoudy)
13) XIC + X4C + X2C <= 1 (only oneof requests 1,2 and 4 can be assigned to room C
simultaneoudly)
14) X1D + X4D + X2D <= 1 (only oneof requests 1,2 and 4 can be assigned to room D
simultaneoudly)
END
| NTEGER- VARl ABLES= 16
. go
OBJECTI VE FUNCTI ON VALUE
1) 0. 000000000
VARI ABLE VALUE REDUCED COST
X1C 0. 000000 6. 000000
X1D 0. 000000 12. 000000
X3D 0. 000000 1. 000000
XaC 0. 000000 6. 000000
X4D 0. 000000 12. 000000
X1A 1. 000000 0. 000000
X1B 0. 000000 0. 000000
X2A 0. 000000 0. 000000
X2B 0. 000000 0. 000000
X2C 0. 000000 0. 000000
X2D 1. 000000 0. 000000
X3A 0. 000000 0. 000000
X3B 0. 000000 0. 000000
X3C 1. 000000 0. 000000
X4A 0. 000000 0. 000000
X4B 1. 000000 0. 000000
ROW SLACK OR SURPLUS DUAL PRI CES
2) 0. 000000 0. 000000
3) 0. 000000 0. 000000
4) 0. 000000 0. 000000
5) 0. 000000 0. 000000
6) 0. 000000 0. 000000
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7) 0. 000000 0. 000000
8) 1. 000000 0. 000000
9) 0. 000000 0. 000000
10) 0. 000000 0. 000000
11) 0. 000000 0. 000000
12) 0. 000000 0. 000000
13) 0. 000000 0. 000000
14) 0. 000000 0. 000000
NO. | TERATI ONS= 7
BRANCHES= 0 DETERM = 1.000E O
BOUND ON OPTI MUM 0. 0000000
RELEASE FI XED VARS.
ENUVERATI ON COVPLETE. BRANCHES= 0 PIVOTS= 11

LAST | NTEGER SOLUTION IS THE BEST FOUND

mmmmmmmmmmmmmmmmmmimm

Homework #9
(1) Integer Programming Formulation. (Exercise #24, Chapter 9 Review Problems, page 550 of Winston,
O.R., 3rd edition)

PSI believes they will need the amounts of generating capacity shown in the table on the left below during the next five
years. The company has a choice of building (and then operating) power plants with the specifications shown in the
table on the right below. Formulate an IP to minimize the total costs of meeting the generating capacity requirements
of the next five years.

Generating Capacity Generating Construction Annual
Year (million kwh) Capacity Cost Operating Cost
1 80 Plant | (million kwh) ($million) ($million)
2 100 A 70 20 15
3 120 B 50 16 0.8
4 140 C 60 18 13
5 160 D 40 14 0.6
Hints:

* Define the binary variables
Xa1=1if Plant A construction isfinished at the beginning of year 1,
0 otherwise
, fc.

» Congtraints must be specified so that a plant cannot contribute generating capacity to the requirements
for ayear unlessits construction was finished at the beginning of that or an earlier year.

» Assume that aplant will be operated each year from its construction until the end of year 5, so that the
cost of Xa1, for example, would be 20+5(1.5)=27.5 million

(2) Markov Chain. (Modified Exercise #2, Chapter 19 Review Problems, page 999 of Winston, O.R., 3rd
edition)

Customers buy cars from three auto companies. Given the company from which a customer last bought a car,
the probability that she will buy her next car from each company isasfollows:
Will Buy Next From
Last Bought From | Co. 1 Co.2 Co.3
Company 1 | .80 .10 .10
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Company 2 | .05 .85 10
Company 3 | .05 15 .80

a. Draw adiagram for aMarkov chain model of a Jane Doe's automobile purchase.

b. If Jane currently owns a Company 1 car, what is the probability that ...
« the car following her next car isa Company 1 car?
« atleast one of the next two cars she buyswill be a Company 1 car?

c. Writethe linear equations which determine the steady-state distribution of Jane's automobile

ownership.

. Solve the equations which you have specified. What are the values of p1, p2, and p3?

e. What fraction of the total market (M) would you expect Company 1 to have over a"long" period of
time?

o

At present, it costs Company 1 an average of $5000 to produce a car, and the average price a customer pays
for oneis $8000. Company 1 isconsidering instituting afive-year warranty. It estimates that this will
increase the cost per car by $300, but a market research survey indicates that the probabilities will change as
follows:

Will Buy Next From

Last Bought From | Co. 1 Co. 2 Co.3
Company 1 | .85 .05 10
Company 2 | 15 .80 .05
Company 3 | 15 10 75

f. What isthe steady-state distribution of Jane Doe's automobile ownership if the five-year warranty
were instituted?

g. What fraction of the total market (M) would you expect Company 1 to have over a"long" period of
timeif they indtitute the five-year warranty?

h. Should Company 1 institute the five-year warranty?

(Note that the data given in the textbook is invalid, since the sum of the probabilities in each row must
be 1.0 but 0.10+0.20+0.75 > 1! Also, since the solution to this problemisincluded in the back of the
book, | have revised some of the probabilities slightly.)

mmmmmmmmmmmmmmmmmmmm
Homework #10

(1.) Markov Chain. (Modification of Exercise #4, 819.5, page 982 of Winston, O.R., 3rd edition)

At the beginning of each year, my car isin good, fair, or broken-down condition. A good car will be good at the
beginning of next year with probability 85%, fair with probability 10%, or broken-down with probability 5%. A
fair car will be fair at the beginning of the next year with probability 70%, or broken-down with probability 30%.
It costs $6000 to purchase agood car; afair car can be traded in for $2000; and a broken-down car has no trade-in
vaue and must immediately be replaced by agood car. It costs $1000 per year to operate agood car and $1500 to
operate afair car. Should | replace my car as soon as it becomes afair car, or should | drive my car until it breaks
down? Assume that the cost of operating a car during a year depends on the type of car on hand at the beginning of
the year (after anew car, if any, arrives).

Define aMarkov chain model with three states (Good, Fair, & Broken-down). Assume, asimplied by the problem
statement, that a car breaks down at the end of ayear, and then (at the beginning of the next year) "must
immediately be replaced”. For each of the two replacement policies mentioned, answer the following:

a. Draw adiagram of the Markov chain and write down the transition probability matrix.

b. Write down the equations which could be solved to obtain the steadystate probabilities.
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c. Solvethe equations, either manually or using appropriate computer software.
d. Compute the average cost per year for the replacement policy.

Consider now athird replacement policy, in which abroken-down car is replaced with afair car, costing $2500. In
this case, the state "Good" would be atransient state, and so for the purposes of calculating the steadystate
cost/year, omit that state and define aMarkov chain model with states Fair & Broken-Down. Repeat the above
steps for this third policy.

What is the best policy of these three?

(2) Markov Chain. (Modification of Exercise #3, Chapter 19 Review Problems, page 999 of Winston, O.R., 3rd
edition)

A baseball team consists of 2 stars, 13 starters, and 10 substitutes. For tax purposes, the team owner
must place avalue on the players. The value of each player is defined to be the total value of the salary he
will earn until retirement. At the beginning of each season, the players are classified into one of four
categories.

Category 1: Star (earns$1 million per year).
Category 2: Starter (earns $400,000 per year).
Category 3: Substitute (earns $100,000 per year).
Category 4: Retired (earns no more salary).
Given that aplayer is astar, starter, or substitute at the beginning of the current
season, the probabiliites that he will be a star, starter, substitute, or retired at the beginning of the next
season are as follows:
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This Next Season

Season Star Starter Substitute Retired
Star | 0.50 0.30 0.15 0.05
Starter | 0.20 0.50 0.20 0.10
Substitute | 0.05 0.15 0.50 0.30
Retired | 0 0 0 1

a. Determine, for each of the current players on the team, the expected length of their playing career, and
the expected number of yearsin each category.

b. Determine the value of each of the team's current players, and the total value of the team.

c. Assuming that the total number of players on the team must remain constant (at 25), a player must be
replaced when heretires. Suppose that the team owner's policy isto replace aretiring player with a
player in the "Starter" category. Assuming a steadystate condition, what is the fraction of theteam in
each category? Will the average total annual salary for the team be greater or smaller than that of the
current team?

Hint: Why does your original Markov chain model have no steady state? Define a new Markov chain
modd having only three states (categories 1, 2, & 3), with aretirement resulting in a transition into
category #2. Think of this as being the state of a uniform number, rather than of the individual
wearing that number. Why does this second Markov chain model have a steady state? \Which Markov
chainis"regular"?

d. What isthe expected number of years required for a"substitute" player (i.e., that uniform number) to
develop into a"star" player?

mmmmmmmmmmmmmmmmmmmm
Solutions:
(1.) Throughout this problem, we assume, state 1. Good, state 2: Fair, and state 3: Brokendown.

For Policy 1: Replace the old car until it is brokendown.

(@).
Transition Probability Matrix
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(b).

p, = 0.85p, +0.85p,

p,=0.1p, +0.7p, +0.1p,
p,+p, +p; =1

(©.
Steady State Distribution

(d).
i Pi C Pi*C

2 0.25 1500 375
3 0.1125 7000 787.5
the average cost/period in steady state is 1800.

For Policy 2: Replace the car when it isfair.

(a.
Transition Probability Matrix
f
ri
o] 1 2 3
1] 0.85 0.1 0.05
2] 0.85 0.1 0.05
3] 0.85 0.1 0.05
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(b).

p, = 0.85p, +0.85p, +0.85p,

p,=0.1p, +0.1p, +0.1p,
p,+p, +p; =1

(©.
Steady State Distribution

(d).

Pi C Pi*C

5 1000 850
5000 500
3 0.05 7000 350

the average cost/period in steady state is 1700.

i
1
2

oo
P!

Consider now athird replacement palicy, in which abroken-down car is replaced with afair car, costing $2500. In
this case, the state "Good" would be atransient state, and so for the purposes of calculating the steady state
cost/year, omit that state and define a Markov chain model with states Fair & Broken-Down. Repeat the above
steps for this third policy.

Solutions.

For policy 3:

(@).

Transition Probability Matrix
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(b). Since state 1 istransient state, therefore p, = 0.
p,=0.7p, +0.7p,

P, +p; =1
(©).
P1

Steady State Distribution
i P{i}
1 3.27386909E- 16
2 7.00000000E- 1
3 3. 00000000E- 1
(d).
P1

[ Pi C Pi*C

2 7.00000000E-1 1500 1.05000000E3
3 3. 00000000E-1 4000 1.20000000E3
the average cost/period in steady state is 2250

What is the best policy of these three?
Solutions. Policy 2isthe best one, i.e, to replace the fair car with agood one.

(2.) By the outputs of the software in HP machine,

A = Absorption Probabilities

I
fl
r
o|

L
PR ER A

E = Expected No. Visits to Transient States
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r
o 1 2 3

n --

1| 3.2 2.509090909 1.963636364
2| 1.6 3.527272727 1.890909091
3] 0.8 1.309090909 2.763636364

Thus,

the expected length for star is 3.2+2.51+1.96=7.67 (years),
the expected length for starter is 1.6+3.53+1.89=7.02, and
the expected length for substitute is 0.8+1.31+2.76=4.87.

b.

The value of star =1(3.2)+(0.4)2.51+(0.1)1.96=4.4 (million).

The value of starter =1(1.6)+(0.4)3.53+(0.1)1.89=3.143 (million).

The value of substitute =1(0.8)+(0.4)1.31+(0.1)2.76=1.6 (million).
Thusthe total value for the team = 2(4.4)+13(3.143)+10(1.6)=66 (million)

C.

Transition Probability Matrix

o| 1 2 3
m .
1] 0.5 0.35 0.15
2] 0.2 0.6 0.2
3] 0.05 0.45 0.5

P{i}

0. 2279792746
0. 5025906736
0. 2694300518

WN P~

That is, 22.79% for category 1, 50.26% for category 2, and 26.94% for category 3.
The average annual salary for the current team is
44° 2 N 3.143" 13 N 16" 10
7.67 7.02 4.87
On the other hand, for the new model with assumption in (c), the average annual salary for theteamis
25p,(1)+ 25p,(0.4) + 25p,(0.1) =11.5 (million).
Hence, the annual salary for new model is greater than that of the current team.

=10.3 (million)

d.

| Mean First |
| Passage Ti nmes|
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1| 4. 386363636 2.680412371 5. 769230769
2| 6. 363636364 1.989690722 5. 384615385
3| 7.727272727 2.268041237 3.711538462

Thus, the answer is 7.72727 years.

mmmmmmmmmmmmmmmmmmmm
Homework #11
(1.) For each diagram of aMarkov model of aqueuein (&) through (f) below, indicate the correct Kendall's
classification from among the following choices :

(1) M/M/1 (2 M/IM/2 (3) M/M/1/4

(4) M/M/4 (5 M/M/2/4 (6) M/M/2/4/4

(7) MIM/U2/4 (8) M/M/4/2 (9) M/M/4/4

(20) none of the above

2 2 2 2 2 2 2 ..
@@ (L O TG L L (6L
3 3 3 3 3 3 &
2 2 2 2 0 0 0.
_o@ (L (3 GL (L (6L
E ) E ) = 3 I
2 2 2 2 9 N L
@@ UL L G G GL (oL
3 3 6 6 3 3 3
e, & 4. 2. 0 0 . 0.
_©@ (L L L L (L L=
3 3 3 3 3 3 &
2 2 _Z 2 2 2. 2
_ @@ UL L L L (GL (L
1 T2z T3 T4 T4 T4 Ta
2, 2. 2. 2. 0 0 _ 0.
W@ (L L GL G L (e
1 T2 T3 T4 T4 T4 T4

(2.) Two mechanicswork in an auto repair shop, with a capacity of 3 cars. If there are 2 or more carsin the
shop, each mechanic worksindividually, each completing the repair of acar in an average of 4 hours (the
actual time being random with exponential distribution). If thereisonly one car in the shop, both
mechanics work together on it, completing the repair in an average time of 3 hours (also exponentidly
distributed). Cars arrive randomly, according to a Poisson process, at the rate of one every two hours
when there is at least one idle mechanic, but one every 4 hours when both mechanics are busy. If 3 cars
arein the shop, no cars arrive.

a. Draw atransition diagram, with rates included, for this system. Isit a birth-death process?
b. Compute the steady-state probabilities.

c. What fraction of the day will both mechanicsbeidle?

d. What fraction of the day will both mechanics be working on the same car?
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e. What is the average number of carsin the shop?

f. How many cars can be expected to arrive during an 8-hour day?

0. What isthe average total time spent by a car in the shop (including both waiting and repair time)?
h. What is the average waiting time spent by acar in the shop?

(3.) A small grocery store has only one check-out counter. Customers arrive at the check-out at arate of one
per 2 minutes. The grocery store clerk requires an average of one minute and 30 seconds to serve each
customer. However, as soon as the waiting line exceeds 2 customers, including the customer being served,
the manager helps by packing the groceries, which reduces the average service timeto one minute. Assumea
Poisson arrival process and exponentially-distributed service times.

Draw the flow diagram for a birth-death model of this system.

. Compute the steady-state distribution of the number of customers at the check-out.

. What fraction of the time will the check-out clerk beidle?

. What is the expected number of customers in the check-out area?

. What is the expected length of time that a customer spends in the check-out area?

Suppose that the store is being remodeled, and space is being planned so that the waiting line does
not overflow the space allocated to it more than 1 percent of thetime, and that 4 feet must be
allocated per customer (with cart). How much space should be allocated for the waiting ling?

g. What fraction of the time will the manager spend at the check-out area?

O oM e R o2l

(4.) A small bank hastwo tellers, one for deposits and one for withdrawals. The service time for each teller
is exponentialy distributed, with amean of 1 minute. Customers arrive at the bank according to a Poisson
process, with mean rate of 40 per hour. Each customer is equally likely to be a depositer or awithdrawer (but
not both!) The bank isthinking of changing the current arrangement to allow each teller to handle both
deposits and withdrawals. The bank would expect that each teller's mean service time would increaseto 1
minute and 15 seconds, but it hopes that the new arrangement would prevent long linesin front of oneteller
when the other isidle, asituation that occurs from time to time under the current setup.
a. From the data given for the current setup with separate tellers for deposits and withdrawals,
estimate:
(i.) thefraction of thetime which each tellerisidle
(ii.) the expected time which a customer spendsin aqueue
b. Estimate the same values (i) and (ii) above for the proposed setup.

mmmmmmmmmmmmmmmmmmmm

Solutions:
1)
2 2 o 2 o 2 ?
S— S— S— S— S— S— -
@G () ) ) (B (5 (5] e
@ZT A 6 A A A B
2 2 2 2 0 A, 0
S— Sa— S— Sa— — — —
@ZT 3 3 3 3 3 3
2z 2z 2 2 0 0 0
S S S S — S —
SLIONNOMNCEROMNONROMNORS
3 B B B B B B
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4

R o

(2) a
1/2 14 14

13 2(1/4)  2(1/4)
It is abirth-death process.

Using the formulafor birth-death process, we obtain
p,=0.2759, p, =0.4138, p, = 0.2069, p, = 0.1034.

Cc. 27.59%.

e

41.38%.

o

L =0p,+1p, +2p, +3p, =1.14 (cars).

—

L= 2)p,+ (1 4)p, + (1 4)p, =0.293 cars/per hour.
8l =8(0.293) =2.345 cars.

L 114
g. W=—=——=3.89 (hours).
| 0293
L, Op.+0p. +0p, +
h W, = = Rt OR TIPs 055 (houy),
L 0.293
(3)
a
12 1/2 12 12
2/3 2/3 1 1

b. By formulawe have
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p, = 0.347826, p, =0.260870, p, = 0.195652

p,=0.097826, p, =0.048913, p, =0.024457
etc.

Cc. 34.78%.

¥
d L= é_ ip, =1.4267 (By the software in HP workstation).

i=0

e. W=—=——-=285 (min).

L 1.4267
L2
f. Since P(# of customersin system £ 6) = 98.78% and

P(# of customersin system £ 7) = 99.39%, therefore 6(4)=24 feet is needed for the capacity of
queue (not including the one being served).

g 1-p,-p,- p,=19.56%.

(4)
a. From the data given for the current setup with separate tellers for deposits and withdrawals,
estimate:
(i.) thefraction of thetime which each tellerisidle
(ii.) the expected time which a customer spendsin aqueue
b. Estimate the same values (i) and (ii) above for the proposed setup.
Solution.

For the current system, we havetwo M/M/1 with | =20/hr and m=40/ hr, respectively.
a (i) P(tellerisidle) = p, = 66.67%, P(Bothtellersareidle) :(p0)2 = 44.44%.
I

. _ _ 1 _ .
(i) W, _—n(m- B =50 hour = 0.5 (min).

For proposed system, we have one M/M/2 with| =40/hrand m=48/hr.
(i) P(Oneteller isidle and another isbusy ) = p, = 34.31%, and
P(Bothtellersareidle) = p, =41.17%
L, 01751

i) W =— =———=0.263 (min).
W, I 067 (min)

mmmmmmmmmmmmmmmmmmmm
Homework #12
1. Match Problem. Suppose that there are 27 matches originally on the table, and you are challenged by
your dinner partner to play thisgame. Each player must pick up either 1, 2, 3, or 4 matches, with the
player who picks up the last match pays for dinner.
a. If you have the choice, would you choose to go first or second?

b. Assuming that you may choose whether to take the first move or to let your opponent go first, can
you be certain of winning the game?

c. What isyour optimal strategy? (Describe your decision rule as concisely as you can.)
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2. Auto Replacement Problem. Suppose that a new car costs $15,000 and that the annual operating cost and
resale value of the car are as shown in the table bel ow:

Ageof Car Resde Operating
(years) Vaue Cost
1 $11000 $400 (year 1)
2 $9000 $600 (year 2)
3 $7500 $900 (year 3)
4 $5000 $1200 (year 4)
5 $4000 $1600 (year 5)
6 $3000 $2200 (year 6)

(The operating cost specified aboveisfor the year whichisending.) If | have anew car now (time 0, and this
initial car is assumed to be "free", i.e. a"sunk" cost), determine a replacement policy that minimizes the net
cost of owning and operating a car for the next six years. (Hint: See solutions of HW#12 of last year, which
solved the same problem but with different costs.)

a. What is my minimum total cost for the six year period?

b. At what age should | replace my initia car? My second car? Indicate the optimal "path" from "0"
to"6" on the diagram below, where, asin the notes, visiting anode "t" means that you replace

your car at the end of the tth year.
©@ O® @ 6@ @ @ 6O

c. If I weretoreplace my initial car one year earlier than is optimal (but thereafter behave rationally
and do the best | can under the new circumstances), how much additional cost must | pay? (Hint:
this should not require any additional computations!)

3. Deterministic Production Planning: Consider a production/inventory system with the following
characteristics:

» Maximum inventory level is8

« Storage costs are $1/week per unit in inventory at the
beginning of the week

* Initially, the inventory contains 2 units.

» Maximum production level is 6/week

* Setup cost for production is $10 in each week in which
production is scheduled

» Marginal production costs (costs in excess of setup cost)
are $2 per unit

» Demand in each of the next 8 weeks is assumed to be known and must be satisfied They are
(where t =stage="weeks remaining", i.e., D[8] = first week demand, ... D[1]= 8th week
demand):
Demmand 2

£ g 7T 6 5 4 3 2 1
el 5 4 4 4 3 2 3 1

 Anything produced during a certain week (plus anything in
inventory at the beginning of the week) may be used to satisfy
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demand during that week, while anything in excess of the
maximum inventory level (8) at the end of the week, after
demand is satisfied, is discarded)

+ At the end of the 8 weeks, a salvage value of $3 per unit
remaining in inventory is recovered.

The following tables were computed for this problem in the solution to HW#12, Fall '92, with the "finger"
indicating the optimal production schedule:

Sta o .
T " optimal Optinal Resulting | [T Tiooii) Optinal Reeulting
State  Valwez Decizionz  State State  Waluee Decigzions State
0 96.00 B 1 0 20,00 & 5
1 95.00 5 1 [l 74.00 0 0
=2 94.00 4 1 2 T4.00 i 1
3 93.00 3 1 2 7200 0 2
4 9z.00 z 1 4 T2.00 i 2
5 §5.00 i 0 5 B2.00 i 4
B S0.00 i 1 B B4.00 i 5
7 E8l.00 i 2 7 BE.00 i B
g S0.00 N 2 g BB.00 i 7
tta i H tta H
% Poprinal  Optinal Besulting = Uptimal Optimal Resulting
ftate  Walwez Decizionz  State State Valuez Decisgions State
[Ebl:l T3.00 5 1 0 53,00 4 0
1 72.00 4 1 =L 53.00 B 3
2 B9.00 & 4 2 B2.00 5 3
3 BE.00 5 4 3 51,00 4 3
4 B3.00 0 0 q 5
5 &g.00 0 1
B GH2.00 0 2 ; ig:gg 3 :Ii
7 EBZ.00 0 3 &  45.00 0 2
& B3.00 0 4 7 a7.00 0 3
g 38.00 0 4
Stage 4: Stage 3@
Optimal Optimal Resulting Optimal Optimal Resulting
tate Values Decizions State State Waluee Decizione  State
0 41.00 5 y; &0 27.00 A 4
1 40.00 4 y; 1 26.00 5 4
2 39.00 5 2 2 21.00 0 0
. aom 3 g 3 zi.00 i 1
. 4 24.00 i 2
IIFq 30,00 0 1 E  45.00 0 2
5 26.00 0 2 6 11.00 0 4
B 27.00 0 3 7 11.00 0 5
7 28.00 i 4 g 11.00 0 B
g 23.00 0 5
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Stage 2° i } Stage 1:
Optimal Optimal REesulting Optimal Optimal EREesulting
State Valuez Decigions State State Valueg Decigionz State
] 19.00 4 1 1] T.00 3] 5
5 2 1 1.00 1] ]
3] 3 IIFE =1.00 1] 1
1 12.00 3 1 = “a.0a0 1] 2
d 2 q “R.00 1] 3
5 3 5 il 1] 4
3] 4 3} Q.00 1] 5
2 17.00 2 1 T oTii.00 1] B
3 2 2 Tiz.00 1] 7
d 3
5 dq
3] 5
3 10.00 ] ]
4 5.00 ] i
IIFE 4,00 ] 2
3] 200 ] 3
) 2.00 ] dq
a 1.00 ] 5

a. Suppose that, upon recounting the initial inventory, you find that you had previously overlooked
three units, so that you actualy have 5 unitsin stock. What is now your optimal total cost for the
8-week period?

b. If you have 5 unitsin stock initially, what is now your optimal production schedule? That is, in
which weeks should you produce, and how much?

c. Supposethat, in the third week (i.e. stage #6), you have an unexpected cancellation of an order
for one unit. Does this change your production schedule for the remaining 6 weeks? If so, what
isthe new production schedule?

Hint: To answer all of these questions, use the original tables above. (No recomputation of these tablesis

required.)
mmmmmmmmmmmmmmmmmmmm
Solutions:
1.
a Gofirst.
b. Yes Chooseto gofirst.

C.

Gofirst and let force the my friend to choose from 26, 21,16,11,6,1, respectively. That is, | take
one match first, so the total matches are 26. Then if my friend takes 1, | take 4. If hetakes 2, then |
take 3 and so on. Thus, the remaining matches will be 21. Therefore | will win. The strategy isto
keep (# he takes+# | take =5 per run when | choose one match first).

a  $3800.

Let G(x)=minimum total cost until the end of period 6, given anew car at the end of time x.
Stage 6: G(6)=0

Stage 5: X c c+G
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Thus, G(5)=-10600, X(5)=6

Stage 4:

Stage 3:

Stage 2:

Stage 1:

Stage O:

Thus, G(0)=3800, x(0)=3

Summary

6 -10600 -10600
X c c+G
5 4400 -6200
6 -8000 -8000
X c c+G
4 4400 -3600
5 7000 -3600
6 -5600 -5600
X c c+G
3 4400 -1200
4 7000 -1000
5 9400 -1200
6 -1900 -1900
X c c+G
2 4400 2500
3 7000 1400
4 9400 1400
5 13100 2500
6 700 700
X c c+G
1 4400 5100
2 7000 5100
3 9400 3800
4 13100 5100
5 15700 5100
6 3900 3900
Year X G
0 3 3800
1 6 700
2 6 -1900
3 6 -5600
4 6 -8000
5 6 -10600
9/19/97
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6 - -
Therefore, the minimum total cost is 3800.

b. Atwhat age should | replace my initia car? My second car? Indicate the optimal "path" from "0"
to "6" on the diagram below, where, as in the notes, visiting a node "t" means that you replace

your car at the end of the tth year.

é@@%@@é

Replacefirst car after 3 years, and then use it until end of the period.

c. If x(0)=2, then cost =5100. The additional cost =5100-3800=1300.

3. a $85.
b.
stage week X (# needs to produce)
8 1 0
7 2 6
6 3 0
5 4 6
4 5 0
3 6 6
2 7 0
1 8 0

c. ThatisD[6] ischanged from4to 3.
stage week X (# needs to produce)

PNWAU O N
ONOUTAWN R
cooo  oomo

The units to be produced for week 4 is changed from 6 to 5.

Hint: To answer all of these questions, use the original tables above. (No recomputation of these tablesis
required.)

mmmmmmmmmmmmmmmmmimmm
Homework #13

1. Match Problem. Suppose that there are 15 matches originally on the table, and you are challenged by
your dinner partner to play avariation of the gamein last week's homework problem, a variation which
makes this a game of chance. Each player must, when it is his/her turn, choose either to

a) pick up one match
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or b) tossafair coin, and pick up one match if "heads', two matches if "tails",
with the player who picks up the last match paying for dinner.
Define P(i) = maximum probability of winning, if i matches remain on the table.

a. If you have the choice, would you choose to go first or second?

b. Assuming that you may choose whether to take the first move or to let your opponent go first, what is
your probability of winning the game?

c. Describe your optimal strategy by completing the table below:

i=# matches Probability of winning if Optimal
remaining Choice () Choice (b) P(i) Choice
0 0 0 a

1 0.5 1 a

© 0N o o0 b~ W N

=
o

=
[N

=
N

[EEN
w

=
~

=
()

2. Optimization of System Reliability: A system consists of 3 devices, each subject to possible
failure, al of which must function in order for the system to function. In order to increase the reliability of
the system, redundant units may be included, so that the system continues to function if at least one of the
redundant units remains functional. The dataare:

Device Reliability (%) Weight (kg.)
1 75 1
2 80 2
3 90 3

If we include asingle unit of each device, then the system rdiability will be the product of the device
reliabilities, i.e., (0.75)(0.80)(0.90) = 53.55%. However, by including redunant units of one or more
devices, we can substantially increase the reliability. Thus, for example, if 2 redundant units of device #1

were included, the reliability of device #1 will be increased from 75%to 1 - (0.25)2 = 93.75%. That is, the
probability that both units fail, assuming independent failures, is 0.25x0.25 = .0625. Suppose that the
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system may weigh no more than 10 kg. (Since at least one of each device must be included, atotal of 6 kg,
thisleaves 4 kg available for redundant units.) Assume that no more than 3 units of any type need be
considered. We wish to compute the number of units of each device typeto beinstalled in order to maximize
the system reliability, subject to the maximum weight restriction.

Assume that the devices are considered in the order: #3, #2, and finally, #1. The optimal value functionis
defined to be:

F(S) = maximum reliability which can be achieved for devices#n, n-1, ... 1, given that the weight
used by these devices cannot exceed S (the state variable)
The optimal value for the problem is therefore given by F3(10). The computation is done in the backward
order, i.e., first the optimal value function F4(S) is computed for each value of the available weight S, then
Fx(S), until finally F3(10) has been computed.

Thereliahility of each device as afunction of the number x of redundant unitsis 1 - (1-R;j)* where R; isthe
reliability of asingle unit of devicei:

Reliability ¢Z) vz & redundant wmnits
i i 2 3
1 T a1 =
2 25 97 .75 09 . BEZ5
3 a0 a9 99.9

The following output is produced during the solution of the problem:

Stage 1 Stage 2 Stage 3
) ge ) )
2 1 z 3 g 1 y: 3 2 1
1 | 0.7000 i 6 | 0.5355
2 | o.7000 0.9100 5 7 | 0.6061 |
2 | 0.7000 0.9100 0.9730 5 g | 0.7443
4 | 0.7000 0.9100 0.9730 - 9 | 0.2006 0.5201
5 [ 0.7000 0.9100 0.9730 2 10 | 0.8560
B [ 0.7000 0.9100 0.9730 q
7| 0.7000 0.9100 0.9730 10
g | o.7000 0.9100 0.9730
9 [ 0.7000 0.9100 0.9730
10 | 0.7000 0.9100 0.9730

a. Fill inthe two blanks in the tables above.

The tables showing the values of f3, fo, and f1 are:
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—|Stage 1 - - —| Stage 2
f Optimal  Resulting = Optimal Resulting
State 1 Decigions State Skate f 2 Decizions State
1 0.7aoa 1 0 3 05950 1 i
2 n.91a0 z 0 4 0.7735 1 2
3 0.9%:20 ] 0 5 0.5270 1 2
4 | 0.9730 3 1 6 | I I |
5 0.97:30 ] 2 7 0.9511 2 3
3] 0.9730 3 3 o 0.9511 2 4
T 0.9730 3 4 q 0.9697 3 3
g 0.9730 2 g in 0.9697 3 4
g 0.9%:20 ] 3]
10 0.97:30 ] T . 5
Lage i Optimal Resulting
State 3 lecigionz State
3] 0.5355 i 3
T 069651 i d
S 0.7443 i 5
g 0.3006 i 3]
i0 0.2560 1 T

b. Fill inthethree blanksin the table above for stage #2.
c. What isthe optimal system reliability if 10 kg. isavailable for the devices ?
d. What isthe optimal number of units of each deviceif 10 kg. is available?

e. What isthe optimal system reliability if only 9 kg. were available for the devices? If only 9 kg.
were available, how many units of each device should be included in the system?
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