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Abstract

A stochastic element-free Galerkin method was developed for reliability analysis of linear-elastic structures with
spatially varying random material properties. A random field representing material properties was discretized into a set
of random variables with statistical properties obtained from the statistical properties of random field. In conjunction
with meshless formulations, the first-order reliability method was employed to predict the full probabilistic charac-
teristics of a structural response. Unlike the stochastic finite element method, the stochastic mesh-free method does not
require a structured mesh, instead only a scattered set of nodal points is required in the domain of interest. As well,
there is no need for fixed connectivities between nodes. Numerical examples show good agreement between the results
of the developed method and Monte Carlo simulation. Furthermore, the stochastic meshless method provides con-
vergent solutions of the probability of failure. Since mesh generation of complex structures can be far more time-
consuming and costly effort than solution of a discrete set of equations, the developed meshless method provides an
attractive alternative to finite element method for solving stochastic-mechanics problems. © 2001 Elsevier Science Ltd.
All rights reserved.
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1. Introduction

In recent years, much attention has been focused on mesh-free methods, such as smooth particle hy-
drodynamics (Lucy, 1977; Monaghan, 1988; Libersky et al., 1993), the diffuse element method (Nayroles
et al., 1992), the element-free Galerkin method (EFGM) (Belytschko et al., 1994, 1995; Lu et al., 1994; Rao
and Rahman, 2000), h—p clouds (Duarte and Oden, 1996), the partition of unity method (Melenk and
Babuska, 1996), and the reproducing kernel particle method (Liu et al., 1995, 1997), to solve solid-
mechanics problems without using a structured grid. Among these methods, EFGM is particularly appealing,
due to its simplicity and a formulation that corresponds to the well-established finite element method
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(FEM). Similar to other meshless methods, EFGM employs recently developed approximation theories
that permit the resultant shape functions to be constructed entirely in terms of arbitrarily placed nodes.
Since no element connectivity data is needed, burdensome meshing or remeshing required by FEM is
avoided. This issue is particularly important when solving mechanics problems characterized by a con-
tinuous change in geometry of the domain under analysis. Crack propagation in solids and simulation of
manufacturing processes involving large deformation, such as extrusion, molding, metal forming, are prime
examples for which standard FEM is ineffective in addressing substantial remeshing or severe mesh dis-
tortion. Hence, EFGM and other meshless methods provide an attractive alternative to FEM in solving
computational-mechanics problems.

Most development in EFGM and other meshless methods, however, has been focused on deterministic
problems. Research in probabilistic modeling using EFGM or other meshless methods has not been
widespread and is only currently gaining attention. Recently, Rahman and Rao (2001) and Rahman and
Xu (2001) developed several stochastic meshless methods for solving solid-mechanics problems in linear
elasticity that involves spatially varying random material properties. In these methods, the material
properties were modeled as a homogeneous Gaussian random field. Using spatial discretization of a ran-
dom field, classical perturbation expansions were derived in conjunction with meshless equations to predict
the second-moment characteristics of response (Rahman and Rao, 2001). Subsequently, Rahman and Xu
(2001) invoked Karhunen-Loe¢ve expansion to parameterize random fields in the development of a Neu-
mann series expansion to conduct second-moment analysis. Similar to stochastic finite element methods
(SFEMs) (Vanmarcke and Grigoriu, 1983; Der Kiureghian and Liu, 1986; Liu et al., 1986, 1987; Der
Kiureghian and Ke, 1988; Yamazaki and Shinozuka, 1988; Spanos and Ghanem, 1989; Deodatis, 1991;
Ghanem and Spanos, 1991; Li and Der Kiureghian, 1992; Zhang and Ellingwood, 1994; IASSAR, 1997),
prevalent in the stochastic mechanics community, stochastic meshless methods also provide accurate es-
timates of the mean and variance of response when random fluctuations in input are small. Although the
second-moment properties are quite useful, these methods do not provide any information with respect to
the probability distribution of the response, which is vital for evaluating the reliability of structures. As a
result, there is considerable interest in developing a stochastic meshless method that is capable of predicting
the full probabilistic characteristics of random responses. Consequently, meshless-based methods for re-
liability analysis presents rich, relatively unexplored area for research in computational stochastic me-
chanics.

This paper presents a stochastic element-free Galerkin method (SEFGM) for probabilistic analysis of
linear-elastic structures that involves random material properties. The material property was modeled as a
homogeneous Gaussian random field. Using spatial discretization, the random field was discretized into a
set of random variables with statistical properties obtained from the statistical properties of the random
field. In conjunction with the EFGM, the first-order reliability method (FORM) was employed to predict
the full probabilistic characteristics of the structural response. Numerical examples based on one- and two-
dimensional linear-elasticity problems are presented to examine the accuracy and convergence of the
proposed method.

2. Element-free Galerkin method
2.1. Moving least-squares and meshless shape function
Consider a function u(x) over a domain Q C RX, where K = 1, 2, or 3. Let Q, C Q denote a sub-domain

describing the neighborhood of a point x € RX located in Q. According to the moving least-squares (MLS)
(Lancaster and Salkauskas, 1981) method, the approximation u”(x) of u(x) is



S. Rahman, B.N. Rao | International Journal of Solids and Structures 38 (2001) 9313-9330 9315

W'(x) =Y pilx)ai(x) = p'(x)a(x), (1)
=1

where pT(x) = {pi(x),p>(x),...,pn(x)} is a vector of complete basis functions of order m and a(x) =
{ai(x),a2(x),...,a,(x)} is a vector of unknown parameters that depend on x. For example, in two
dimensions (K = 2) with x;- and x,-coordinates,

pr(x)={l,x;,x2}, m=3 (2)
and

pT(x) = {1,)(1,)(:27)(%7)(1)(2,)(%}, m = 67 (3)

which represent linear and quadratic basis functions, respectively, and are commonly used in solid me-
chanics.
In Eq. (1), the coefficient vector a(x) is determined by minimizing a weighted discrete %, norm, defined

as

J(x) = > wi(x) [p" (x)a(x) — d)" = [Pa(x) — d]" W[Pa(x) — d], )
=1

where x; denotes the coordinates of node 7, d* = {dy,dy,...,d,} with d; representing the nodal parameter

fornode I, W = diag[w; (x), wa(x), ..., w,(x)] with w;(x) denoting the weight function associated with node

I such that w;(x) > 0 for all x in the support Q, of w;(x) and zero otherwise, n is the number of nodes in Q,
for which w,(x) > 0, and

P=|" T e x ). (5)

p'(x,)

A number of weight functions are available in the literature (Belytschko et al., 1994, 1995; Lu et al.,
1994; Liu et al., 1995, 1997; Duarte and Oden, 1996; Melenk and Babuska, 1996; Rao and Rahman, 2000).
In this work, a weight function based on the student’s z-distribution (Rao and Rahman, 2000), which
represents the scaled probability density function of a standard Gaussian random variable divided by the
square root of a chi-squared random variable with f degrees of freedom (Middleton, 1996), was used; it can
be expressed as

5 -(1+h)/2
(1+ﬁ2;—’> —(14p2)" P2
— “ml
wi(x) = 1= (1+p2) (P72 » o ZISZm ©)

0

b
Z] > Zpg
b

where f§ is a parameter controlling the shape of the weight function, z; = ||x — x;|| is the distance from a
sample point x to a node x;, and z,; is the domain of influence of node I. The stationarity of J(x) with
respect to a(x) yields

A(x)a(x) = C(x)d, (7)

where

A®) = 3w (p(x)p' (1) = PP, (s)
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C(x) = wi(x)p(x1), ..., wu(x)p(x,)] = PTW. ©)
Solving for a(x) in Eq. (7) and then substituting in Eq. (1) yields

u'(x) = Zn:qs,(x)d, =d'(x)d, (10)
where 7

P’ (x) = {@i(x), @2(x),.... By(x)} = pT(x)47" (x)C(x) (11)
is a vector with its /th component,

@y(x) =Y pilx)[47(x)C(x)] , (12)

=1
representing the shape function of the MLS approximation corresponding to node /. The partial derivatives
of @;(x) can also be obtained as

01,(x) = Y {7 C) +pa7 a7 ), (13)
J=1

where A;' = —A47'4,4" and (), =0( )/,
2.2. Variational formulation and discretization

For small displacements in two-dimensional, isotropic, and linear-elastic solids, the equilibrium equa-
tions and boundary conditions are

V.e+b=0 inQ (14)
and

6-n=1t on I, (natural boundary conditions), (15)

u=u on T, (essential boundary conditions),
respectively, where ¢ = De is the stress vector, D is the material property matrix, € = Vyu is the strain
vector, u is the displacement vector, b is the body force vector,  and & are the vectors of prescribed surface
tractions and displacements, respectively, n is a unit normal to domain, Q, I'; and I', are the portions of
boundary I' where tractions and displacements are respectively prescribed, V' = {0/0x;,0/0x,} is the
vector of gradient operators, and Vgu is the symmetric part of Vu. The variational or weak form of Egs. (14)
and (15) is

/GTSGdQ—/bTSudQ—/iTSudF—SVK,:O, (16)
Q Q I,

where & denotes the variation operator and dW, represents a term that enforces essential boundary con-
ditions. The explicit form of this term depends on the method by which the essential boundary conditions
are imposed (Belytschko et al., 1994, 1995; Lu et al., 1994; Rao and Rahman, 2000). In this study, W, is
defined as

W= fT(x)ulx,) —a(x)], (17)

xyely,

where fT(x ;) is the vector of reaction forces at the constrained node J € I',. Hence,

S, = > 8 (x)lu(x,) — a(x,)] + £ (xs) Su(x)). (18)

xyely
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Consider a single boundary constraint, i;(x,;) = g;(x;) applied at node J in the direction of the x; co-
ordinate. The variational form given by Egs. (16) and (18) can then be expressed by

/O‘T66dQ + fi(xy) du;(xy) :/bTSudQ+/ t'oudr, (19)
Q Q I:

8fi(xs)wi(xs) — gi(xs)] = 0, (20)

where f;(x;) and u;(x,) are the ith component of f(x;) and u(x,), respectively. From Eq. (10), the MLS
approximation of u;(x;) is

where

.oy, @y(xs),0}, wheni=1
5 0,Py(x,)}, wheni=2’

S
Sy
|
—N
A
s
S~
:Qt‘
T o
L)
(3]
S
-~ &
Rl
— L

dy
d

is the vector of nodal parameters or generalized displacements, and N is the total number of nodal points in
Q. Applying Egs. (21)—(23) in the discretization of Egs. (19) and (20) yields (Belytschko et al., 1994, 1995;
Lu et al., 1994; Rao and Rahman, 2000)

i ext
o o st | = Leten 4)
where
ky kp - kiy
. k:21 k:22 k?N e o[ x 7 s
ko e

is the stiffness matrix with
K, = / B'DB,dQ € % (%* x %), (26)
Q

representing the contributions of the Jth node at node 7,

ext
b
fext _ 2 c ERZN ( 27)

ext
N
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1s the force vector with

ixm:/(D[deQwL/ (D]deFG‘Rz, (28)
Q I,
D, 0
B] - 0 (pI‘Z (29)
D, P
and
1 v O
L v 1 0 |, for plane stress,
D= voE (30)
1—v v 0
m v l—v 0 |, for plane strain
00

is the elasticity matrix with E and v representing the elastic modulus and Poisson’s ratio, respectively. To
perform numerical integration in Egs. (26) and (28), a background mesh is required, which can be inde-
pendent of the arrangement of the meshless nodes. However, in this study, the nodes of the background
mesh were chosen to coincide with the meshless nodes. Standard Gaussian quadratures were used to
evaluate the integrals for assembling the stiffness matrix and the force vector. In general, a 4 x 4 quadrature
is adequate, except in the cells surrounding a high stress gradient (e.g., near a crack tip) where a 8 x 8
quadrature is suggested.

In solving for d, the essential boundary conditions must be enforced. The lack of Kronecker delta
properties in the meshless shape functions presents some difficulty in imposing the essential boundary
conditions in EFGM. Nevertheless, several methods are currently available for enforcing essential boundary
conditions. A full transformation method (Rao and Rahman, 2000; Chen and Wang, 2000) was used for the
stochastic mechanics applications in this work.

It should be noted that the generalized displacement vector d represents the nodal parameters—not the
actual displacements at the meshless nodes. Let

[ W
I
<

e v (31)

d = Ad, (32)
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A= |0 | € 2(R x ®N) (33)

is the transformation matrix. Hence, d can be easily calculated when d is known.

3. Random field and discretization
3.1. Random field

The spatial variability of a material property, such as the elastic modulus E(x), can be modeled as a
homogeneous random field. Let

E(x) = gl + a(x)], (34)

where pu; = &[E(x)] # 0 is the mean of the elastic modulus that is independent of x, and «(x) is a zero-mean,
scalar, homogeneous random field with its auto-covariance function

1
I,(§) = éla(x)a(x + )] = 'uTFE(é)v (35)
E
where I';() is the auto-covariance function of E(x), & is the separation vector between two points, x € R*
and x + & € RX both located in Q C KX, and & [-] is the expectation operator. In SFEM or meshless ap-
plications, it is necessary to discretize a continuous-parameter random field (e.g., Eq. (34)) into a vector of
random variables, as described in the following section.

3.2. Spatial discretization

For discretization of random fields, various methods, such as the Karhunen-Lo¢ve expansion (Ghanem
and Spanos, 1991; Spanos and Ghanem, 1989), the midpoint method (Der Kiureghain and Liu, 1986), the
local averaging method (Vanmarcke and Grigoriu, 1983), the shape function method (Liu et al., 1986,
1987), the weighted integral method (Deodatis, 1991), and the optimal linear estimation method (Li and
Der Kiureghian, 1992) have been developed. The accuracy and convergence of stochastic response due to
these discretizations (except the Karhunen-Loeve expansion) depend on the size of the finite elements in
comparisons with the correlation distance of the random field. In the stochastic meshless method, there are
no elements, hence, the discretization effort is not tied to any elements or nodes. For example, consider a
discretization of a random field by M number of random variables associated with M discrete points in the
structural domain. The value of M and the distribution of these points depend on the correlation distance
of a(x). It is not necessary that these points coincide with the meshless nodes, as shown in Fig. 1. Hence a
large value of M, if required for some correlation distance, does not necessarily increase the size of the
linear equations for meshless discretization of the domain. This is in contrast to some SFEMs, where the
correlation distance of a random field can place serious limitations on the size of the finite elements.
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d,

Weight
Function

mK
O  nodes for random field discretization
[ nodes for meshless discretization
Fig. 1. Meshless and random field discretizations.
Let Y={1,1,..., YM}T denote an M-dimensional random vector that adequately represents the

random field o(x) described earlier. The mean vector u = &[Y] and the covariance matrix y = &[(Y —
T
w(Y — )] are

p=0, (36)

Y= [Fz(gij)L (37)

where &;; = x; — x; is the separation vector between x; and x; representing the coordinates of nodes 7 and j,
respectively. Hence, the second-moment characteristics of ¥ can be defined from the knowledge of the
mean and covariance function of a(x). Note, if a(x) is Gaussian, so is the random vector Y.

Since o(x) or E(x) is random field, the elasticity matrix D(x) is spatially distributed. When calculating
the stiffness matrix (see Eq. (26)) by Gauss quadrature, the values of D(x) at Gauss points are required. In
this work, the values of ¥ and meshless shape functions were used to approximate D(x) at Gauss points.

4. Structural reliability analysis
4.1. Random parameters and random response
Given the discretization of the random field by the random vector ¥ € R, let K(Y) and d(Y) denote,

respectively, the stiffness matrix and generalized displacement vector, that depend on Y and let F denote the
load vector. The discrete meshless equation for the stochastic system is
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K(Y)d(Y)=F. (38)
Inverting Eq. (38),
d(Y)=K(Y)'F (39)
and hence, the actual displacement vector, d(Y) is
d(Y)=AK(Y)'F. (40)

Let d/(Y) be the [2(J — 1) + i]th component of d(Y), representing the displacement [/ (x,)] of node J in
the ith direction. Suppose the structure fails when c;’ij (Y) > dy, where d, is a deterministic threshold of the
displacement. This requirement cannot be satisfied with certainty, since c?f (Y) depends on the random input
vector Y. As a result, the performance of the structure should be evaluated using the probability of failure
Pr, defined as

def

PEPE) <0 [ e (@)

where fy(y) is the joint probability density function of Y, and g(y) is the performance function given by
g(y) =do — ] (). (42)

A similar performance function, based on stress and associated failure probability, can also be defined.
Regardless of the performance function, the generic expression for the failure probability (Eq. (41)) in-
volves a multi-dimensional probability integration for its evaluation. In this study, the FORM (Madsen
et al., 1986) was used to compute this probability. It is briefly described here assuming a generic M-
dimensional random vector Y and the displacement-based performance function g(y) (Eq. (42)) to calculate
the probability of failure defined by Eq. (41).

4.2. First-order reliability method

The FORM is based on linear (first-order) approximation of the limit state surface g(y) = 0 tangent to
the closest point of the surface to the origin of the space. The determination of this point involves nonlinear
constrained optimization and is usually performed in the standard Gaussian image u of the original space y.
The FORM algorithm involves several steps. First, the space y of uncertain parameters Y is transformed
into a new M-dimensional space # of independent standard Gaussian variables U. The original limit state
g(y) = 0 then is mapped into the new limit state gy (#) = 0 in the u space. Second, the point on the limit
state g () = 0 having the shortest distance to the origin of the u space is determined using an appropriate
nonlinear optimization algorithm. This point is referred to as the design point, or beta point, and has a
distance f3;; (known as reliability index) to the origin of the u space. Third, the limit state gy (u) =0 is
approximated by a hyperplane g;(u) = 0 tangent to it at the design point. The probability of failure Pr (Eq.
(41)) is thus approximated by Pr; = Pr[g,(U) < 0] in FORM and is given by (Madsen et al., 1986)

Pry = (p(_ﬁHL)v (43)
where
1 " 1,
o= [ o (5¢) “

is the cumulative distribution function of a standard Gaussian random variable. In this study, the EFGM
applied in conjunction with FORM is denoted as the SEFGM. In developing the SEFGM, a recursive
quadratic programming algorithm (Lim and Arora, 1986; Arora, 1989) was used to solve the associated
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optimization problem. The first-order sensitivities required by this algorithm were calculated analytically
and are described in the following section.

4.3. Analytical gradients

Most optimization algorithms for solving nonlinear programming problem in FORM require calcula-
tion of the gradients of the objective and constraint functions. Using a brute-force finite-difference method
to calculate these gradients is often computationally expensive, since many repetitions of deterministic
meshless analysis are needed, particularly when there are a large number of random parameters. Conse-
quently, it is useful to calculate the gradients analytically.

In u space, the objective function is quadratic; hence, calculating its first-order derivative with respect to

u, k=1,2,...,M is quite trivial. For the constraint function, i.e., the performance function, one must also
calculate its derivative with respect to u;. Assume that a transformation of ¥ € R to U € RY, given by

Y =Y(U) (45)
exists. The performance function in the # space can be written as

gu(u) = dy — d! (y(u)). (46)

The first-order derivative of gy (u) with respect to u; is
Ogu(w) _0d/(vw) _ o/ (y(w) @)
Ouy, Ouy, Oup

Using the chain rule of differentiation,

ad ;&
4
auk Z@yj Ouy, Z@yj (48)

where R = 0y;/0u,, which can be obtained from the explicit form of Eq. (45). Taking the partial derivative
of Eq. (38) with respect to y; yields

% =-K [GK d} (49)
ay; y;
Then,
— =K' —dR
auk Z d (50)

For a given y, the corresponding values of d, K~', and 0K/ dy;, calculated from the meshless formulation,
can be substituted in Eq. (50) to obtain 0d/0u,. Note that dd” /Ouy is the [2(J — 1) + i]th component of
0d /0uy. Using Eqgs. (47) and (50), the gradients of gy (u) can be evaluated analytically.

Note that when o(x) is Gaussian, Y is Gaussian with mean 0 and covariance matrix y. Using the ro-
tational transformation

Y =0U (51)
with Q representing the transformation matrix, it is easy to show that
0" =». (52)

In Eq. (52), @ is the Cholesky decomposition of y, which can be easily calculated from standard methods of
linear algebra. Furthermore, R = Oy, where QO is the jkth element of Q. Hence, Eq. (50) becomes
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od )¢
—=-K"Y ——dOy. 53
duy o ayj Q/k ( )

If a(x) or Y is Gaussian, Eqs. (47) and (53) provide the analytical gradients of gy (u).

5. Numerical examples

Two numerical examples based on one- and two-dimensional problems are presented. In these examples,
o(x) was modeled as a homogeneous Gaussian random field to describe the random modulus of elasticity
E(x). For simplicity, the random field was discretized spatially at the same meshless nodes (i.e., M = N).
The Gaussian assumption implies that there is a non-zero probability of E(x) taking on a negative value. To
avoid this difficulty, the variance of input random field was confined to a small value. Alternative repre-
sentations involving truncated Gaussian distribution or other distributions suitable for non-negative ran-
dom field have been used by various researchers (IASSAR, 1997). These representations were not explored
here, because the focus of this study was stochastic meshless analysis. A linear basis function was used in all
meshless calculations. For the weight function, a value of § = 2 was selected. Both first-order reliability and
simulation methods were used to calculate various response probabilities of interest.

5.1. Example 1: bar with linear body force

Consider a bar AB of length L = 1 unit, which is subjected to a linear body force distribution p(x) = x in
the x direction, as shown in Fig. 2(a). Point A of the bar is fixed and point B is free. The bar has a constant
cross-sectional area 4 = 1 unit. The modulus of elasticity £(x) = p,[1 + a(x)] is random with mean yu, = 1
unit, and «(x) is a homogeneous Gaussian random field with mean zero and auto-covariance function

R0 = elotalate-+ 0] = atexp (7 ). (54)

where x and x + ¢ are the co-ordinates of two points in the bar, g is the standard deviation of «(x) or E(x),
and b is the correlation length parameter. Values of oz = 0.1, 0.2, and 0.3 units and b = 1 were used for

(@)

p(x) = x
F— — ————— —————— -~
X
A B
- -
L

Geometry and loads

Meshless discretization (16 nodes)

Fig. 2. A bar subjected to linear body force distribution: (a) geometry and loads; (b) meshless discretization (16 nodes).
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Fig. 3. Probability density function of end displacement of the bar.

numerical calculations. A meshless discretization involving 16 uniformly spaced nodes is shown in Fig. 2(b).
A background mesh with its nodes coincident with the meshless nodes was used. The numerical integration
involved four-point Gauss quadrature.

The SEFGM developed in this study was applied to determine the full probabilistic characteristics of
the axial displacement up(Y) at the free end (point B) of the bar. Fig. 3 shows the probability density
functions of ug(Y) for oz = 0.1, 0.2, and 0.3 units, determined by repeating SEFGM analyses to calculate
Pr{ug(Y) < up] and then taking the numerical derivative with respect to u. Corresponding histograms from
Monte Carlo simulation, involving 10° realizations of ug(Y) by meshless method, are also shown in Fig. 3.
The probability densities by SEFGM agree very well with the histograms. Fig. 4 shows how the probability
of failure Prlug(Y) > up] varies as a function of u, for all three values of gz. Both the SEFGM and simu-
lation method (10° samples) were used to generate these plots. The failure probability increases with o5 as
expected. The developed SEFGM using FORM provides accurate estimates of the failure probability of the
bar when compared with the simulation results.

To study the convergence properties of the failure probability, additional stochastic meshless analyses
were performed by increasing the number of nodes (V) from 2 to 26. For each value of N, a uniform spacing
was used for meshless discretization of the bar. Also, the values of » = 1 and oz = 0.1 units were used for

Prfu; >u ]

Probability of Failure, P,
S
T

. o =01 SEFGM
10" E AoO Simulation (10° samples)
F
107 L i ! 1 L
0.0 0.4 0.8 12 1.6 20 2.4

Threshold of Displacement, u,

Fig. 4. Probability of failure of the bar.
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Fig. 5. Convergence of failure probability.
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Fig. 6. Effect of correlation length on failure probability of the bar.

each analysis. Fig. 5 shows the predicted probability of failure Pr{ug(Y) > ug] for uj = 0.45 and 0.6 units as
a function of N. As can be seen, SEFGM produces convergent solutions of the probability of failure.
Fig. 6 plots Prlug(Y) > uj] for oz = 0.1 units and uj; = 0.35, 0.45, and 0.6 units when the correlation
length parameter b is varied from 0.1 to 100. The results in Fig. 6, calculated using SEFGM, indicate that
the upper bound of the failure probability occurs when b — oo, i.e., when Y is perfectly correlated. Note, in
this case, the random field E(x) degenerates to a random variable E (say). Hence, the axial displacement of
the bar at point B can be determined analytically as ug = 1/(3E). Using this analytical solution and
or = 0.1 units, the exact failure probabilities for u; = 0.35, 0.45, and 0.6 units are 0.317, 4.76 x 1073, and
4.41 x 107°, respectively. These exact solutions match with the SEFGM solutions in Fig. 6 when 5 — co.

5.2. Example 2: square plate under tension

Consider a square plate as shown in Fig. 7(a). The plate has dimension L = 1 unit and is subjected to a
uniformly distributed load of magnitude p = 1 unit. The square domain of the plate was discretized by 49
nodes equally spaced, as shown in Fig. 7(b). The Poisson’s ratio v of 0.3 was selected. The modulus of
elasticity £(x) was represented by E(x) = pz[l + a(x)], where y; = | unit is the constant mean over the
domain and o(x) is a homogeneous Gaussian random field with mean zero and auto-covariance function
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(a) (b)
p per unit length

AREARRRARARARAARE®

Fig. 7. A square plate subjected to uniformly distributed tension: (a) geometry and loads; (b) meshless discretization (49 nodes).

r(©) = leyata + 9 = exp | - (442 ) (53)
where x = (x;,x;) and x + & = (x; + &;,x, + &,) are the co-ordinates of two points in the plate, oz = 0.12
and 0.24 units, and the correlation length parameters are b, = 1, and b, = 2. The background mesh was
chosen such that its nodes coincide with the meshless nodes. An § x 8 Gauss quadrature rule was used for
all cells.

Fig. 7(a) also shows the locations of two points B and D in the plate. Let u?(Y) and % (Y) denote the
vertical displacement at point D and vertical normal stress at point B of the plate, respectively. Two failure
probabilities Pr[uD(Y) > uo] and Pr[c%(Y) > ay] are defined based on exceeding the displacement and stress
thresholds uy and gy, respectively. Using SEFGM, Figs. 8 and 9 show the displacement-based failure
probability Pr[ub(Y) > ug] and stress-based failure probability Pr[c5,(Y) > ao] as functions of the corre-
sponding thresholds for gz = 0.12 and 0.24 units, respectively. In both figures, the threshold values were

10° g

SEFGM
A O Simulation (10° samples)

Pru,° > u]

0y = 0.12 b,=1,b,=2

Probability of Failure, P,

1.0 1.5 2.0 25 3.0
Threshold of Displacement, u,,

Fig. 8. Displacement-based probability of failure of the plate.
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Fig. 9. Stress-based probability of failure of the plate.

selected in a manner to yield “small” failure probability of interest. As before, the probability failure is
larger for a large standard deviation of input. The results of Monte Carlo simulation using 100,000 samples
are also given in Figs. 8 and 9. Good agreement is observed between the failure probabilities predicted by
SEFGM (FORM) and simulation.

Fig. 10 shows how Pr[u?(Y) > uj] varies as a function of the correlation length parameters b; and b,
when uj = 1.35 units and ¢ = 0.12 units. The probability of failure depends on both b;, and b,; however,
the dependence on b, is stronger than on b, due to the vertical displacement considered. Otherwise, the
results exhibit similar trends as the bar problem presented in Section 5.1.

To study the effects of the distribution of meshless nodes on the failure probability, two additional
stochastic analyses were conducted for two different discretizations, as shown in Fig. 11(a) and (b). The
total number of nodes is the same (i.e., N =49) in both these discretizations, however, their nodes are
irregularly distributed in comparison with the distribution in Fig. 7(b). Fig. 12 shows the plots of the failure
probability, Pr[u?(Y) > uo] vs. ug, calculated using regular (Fig. 7(b)), irregular A (Fig. 11(a)), and irregular
B (Fig. 11(b)) distributions of the meshless nodes. The same inputs defined earlier were used in all cases.
According to Fig. 12, the failure probabilities due to all three discretizations are almost identical. No
meaningful difference in the results is observed from irregularity in the meshless discretization. Note that
the lack of sensitivity of the stochastic response to the nodal distribution is consistent with deterministic
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Fig. 10. Effect of correlation length on failure probability of the plate.
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(@) (b)

Fig. 11. Irregular distribution of meshless nodes: (a) irregular A (49 nodes); (b) irregular B (49 nodes).
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Fig. 12. Sensitivity of failure probability of the plate to nodal distribution.

observations made by some researchers in the field of meshless methods (Belytschko et al., 1994, 1995; Lu
et al., 1994).

6. Conclusions

A SEFGM was developed for predicting probabilistic response and reliability of linear-elastic structures
subject to spatially varying random material properties. The random field representing material properties
was discretized into a set of random variables with their statistical properties obtained from the statistical
properties of the random field. In conjunction with meshless equations, the FORM was employed to predict
the full probabilistic characteristics of a structural response. Unlike the SFEM, the method developed
herein requires no structured mesh, since only a scattered set of nodal points is required in the domain of
interest. There is also no need for fixed connectivities between nodes. Numerical examples based on one-
and two-dimensional problems have been presented to evaluate the accuracy and convergence of the failure
probability by the developed meshless method. Good agreement is observed between the results of the
developed method and Monte Carlo simulation. Furthermore, the stochastic meshless method provides
convergent solutions of the probability of failure. Since mesh generation of complex structures can be a far
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more time-consuming and costly effort than solution of a discrete set of equations, the developed meshless
method provides an attractive alternative to FEMs in solving stochastic-mechanics problems.
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