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Abstract

Elastic-plastic finite element analyses were conducted to generate new solutions of J-integral and crack-opening
displacement (COD) for short through-wall cracks in pipes subjected to combined bending and tension loads. The
results are presented in terms of the well-known GE/EPRI influence functions to allow comparisons with some limited
results in the literature. Two different pipe pressures with values of 7.24 MPa (1050 psi) and 15.51 MPa (2250 psi)
simulating BWR and PWR operating conditions, respectively, were used to evaluate the effects of pressure on J and
COD. Pipes with various radius-to-thickness ratios, crack sizes, and material parameters were analyzed. Limited
analyses were also performed to evaluate the effects of hoop stresses in pipes under pure pressure loads. The results
suggest that the fracture response parameters can be significantly increased by pressure-induced axial tension for
larger crack size, material hardening constant, and radius-to-thickness ratio of the pipe. The presence of pressure-in-
duced hoop stresses also increases the fracture response, but in low-hardening materials their effects are insignificant
due to small plastic-zone size that was expected for the intensity of pipe pressure and crack size considered in this
study. However, for high-hardening materials when the plastic-zone size is not negligible, the hoop stresses can
moderately increase J and COD. © 2000 Elsevier Science S.A. All rights reserved.

www.elsevier.com/locate/nucengdes

1. Introduction

Analytical methods for elastic-plastic fracture
analysis of circumferential through-wall-cracked
(TWC) pipes subjected to pure bending, pure
tension, and combined bending and tension are
well-developed. Brust et al. (1995a) and Rahman

et al. (1995a, 1998a,b) have summarized several
methods for predicting the J-integral and crack-
opening displacement (COD) which are the most
viable fracture parameters used to characterize
nonlinear fracture behavior of cracked pipes.
These methods consist of formulating analytical
expressions for J and COD under various loading
conditions. Classical J-tearing theory is utilized to
evaluate the pipe’s load-carrying capacity. Al-
though, most of these methods are suitable for
analyzing cracks in homogeneous materials (e.g.
cracks in a base metal of the pipe), a method has
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also been recently developed to estimate J and
COD for a through-wall crack in a pipe weld
(Rahman and Brust, 1992a,b; Rahman et al.,
1996).

During the recently completed United States
Nuclear Regulatory Commission’s Short Cracks
in Piping and Piping Welds Program (Wilkowski
et al., 1991–1995), the currently available analyti-
cal methods were evaluated by extensive compari-
sons with the experimental data. Two major
technical reports, published by Brust et al.,
(1995a) and Rahman et al., (1995a), describe these
methods and associated results involving various
pipe geometries, crack sizes, and material proper-
ties. However, the ability of these estimation
methods to predict fracture response and crack
growth behavior for small cracks (crack length
512 % of pipe circumference) under combined
bending and pressure loads has not been estab-
lished, even though combined loading condition
and small cracks are often a major concern for
leak-before-break analysis and in-service flaw
evaluation of large-diameter pipes in the nuclear
power industry. Currently, a limited amount of
finite element solutions are available for combined

bending and tension loads. They were compiled
only for an internal pressure of 15.51 MPa (2250
psi) simulating pressure condition in a piping
system of pressurized water reactor (PWR) plants
(Brust et al., 1995a; Rahman et al., 1995a). No
such solutions currently exist for boiling water
reactor (BWR) piping systems that has an internal
pressure of 7.24 MPa (1050 psi) or any other
magnitudes of pressure.

This paper presents new results from a series of
elastic-plastic finite element analysis (FEA) for
TWC pipes under combined bending and tension
loads. The analyses were primarily based on the
deformation theory of plasticity. A limited num-
ber of analyses were also performed using the
incremental theory of plasticity to determine if the
deformation theory produces adequate results.
The analyses involved small cracks with various
pipe geometries and material properties. The re-
sults were compiled as plastic influence functions
for J-integral and COD in the spirit of GE/EPRI
estimation method (Kumar and German, 1988).
The effects of pressure on J and COD were
evaluated due mainly to pressure-induced tensile
load in an end-capped pipe. A limited amount of
calculations were also made to study the effects of
pressure-induced hoop stresses on J and COD.
Typically, hoop stresses are neglected for calculat-
ing J and COD. This study attempts to quantify
the effects of hoop stresses in pipe fracture analy-
sis of small cracks.

2. A cracked pipe under combined bending and
pressure

Consider a through-wall-cracked pipe with
mean radius, Rm, wall thickness, t, and crack
angle, 2u, as shown in Fig. 1. The pipe is sub-
jected to combined bending moment, M and axial
tension force, P due to internal pipe pressure, p.
For an end-capped pipe, P=pR i

2p, where Ri is
the inside radius of the pipe. Typically, only this
pressure-induced axial tension is considered in
pipe fracture analysis (Kumar and German, 1988;
Wilkowski et al., 1991–1995; Rahman and Brust,
1992a,b; Brust et al., 1995a; Rahman et al., 1995a,
1996, 1998a,b). It is assumed that the constitutive

Fig. 1. A circumferentially through-wall-cracked pipe under
combined bending and tension.
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law characterizing the material’s stress-strain (s−
o) response can be represented by the well-known
Ramberg–Osgood model

o

o0

=
s

s0

+a
� s

s0

�n

(1)

in which s0 is the reference stress which can be
arbitrary, but is usually assumed to be the yield
stress, E is the modulus of elasticity, o0=s0/E is
the associated reference strain, and a and n are
the model parameters usually chosen from best fit
of actual laboratory data.

For circumferential TWC pipes, elastic-plastic
analysis techniques, which do not require full
three-dimensional FEA for combined bending
and tension loads, are scarce. Paris and Tada
(1983) have presented a method, which interpo-
lates between the known elastic and rigid-plastic
solutions by using a pseudo plastic-zone correc-
tion to the elastic solution. Klecker et al. (1986)
introduced a method, which is very similar to the
Paris and Tada (1983) approach, except it ac-
counts for material strain hardening empirically.
Both of these methods require numerical integra-
tion. Recently, Kumar and German (1988) pre-
sented a method, which is based upon
interpolation between compiled finite-element so-
lutions. The British R6 method (Milne et al.,
1988) was developed to predict failure loads for
pipes subjected to combined bending and tension.
However, displacements were not provided. It
should be noted that methods for the purely
elastic problem have been available for some time
now as summarized by Forman et al. (1985).

The discussions on the conditions for achieving
J-dominance and the suitability of J as a fracture
parameter for combined bending and tensile load-
ing have been presented by Shih (1985) and Shih
and Hutchinson (1986) by studying the single-
edge-notched tension (SENT) specimen. Addi-
tional studies based on FEA of the SENT
specimens subjected to combined tension and
bending have also appeared (Kaiser, 1985; Sön-
nerlind and Kaiser, 1986). An important result
obtained by Sönnerlind and Kaiser (1986) indi-
cates that the value of J is essentially independent
of whether tension is applied, then bending; bend-
ing then tension; or both tension and bending are

applied proportionally. This is not intuitively ob-
vious since such loading clearly violates the hy-
pothesis (necessary for valid J-tearing theory) of
proportional loading. Based on this premise, a
deterministic equivalence method using reduced
section analogy of a cracked pipe was proposed
by Brust and Gilles (1994) for evaluating J under
combined bending and tension loads. Later, Rah-
man et al. (1993a,b, 1995b) and Wilkowski et al.
(1993) extended this method to include stochastic
treatment of fracture-mechanics variables for
probabilistic pipe fracture evaluations.

3. The GE/EPRI estimation method for combined
loading

The GE/EPRI method is based on a compila-
tion of limited finite element solutions for TWC
pipes using the deformation theory of plasticity.
From the deformation theory of plasticity, the
fracture response parameters, such as J and cen-
ter-crack-opening displacement, d, can be split
into elastic and plastic components, as

J=Je+Jp (2)

d=de+dp (3)

where the subscripts ‘e’ and ‘p’ refer to the elastic
and plastic contributions, respectively. Each com-
ponent of the fracture parameters above can be
expressed in terms of dimensionless influence
functions that depend on normalized pipe geome-
try (Rm/t), normalized crack size (u/p), material
hardening constant (n), and loading condition.
Under combined bending and tension loads, Je

and de can be expressed via linear combinations
of stress-intensity factor (KI) and COD due to
pure bending (K I

B, d e
B) and pure tension (K I

T, d e
B)

loads applied separately (Kumar and German,
1988; Wilkowski et al., 1991–1995; Rahman and
Brust, 1992a,b; Brust et al., 1995a; Rahman et al.,
1995a, 1996, 1998a,b), i.e.

Je=
(K I

B+K I
T)2

E
(4)

de=d e
B+d e

T (5)

where
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a=Rmu is the half crack length at mean pipe
diameter, I$pRm

3 t is the moment of inertia (for
large Rm/t) of uncracked pipe cross-section about
its centroidal axis, FB(u/p, Rm/t) and FT(u/p, Rm/
t) are elastic influence functions for J-integral
under pure bending and pure tension loads, re-
spectively, and V1

B(u/p, Rm/t) and V1
T(u/p, Rm/t)

are elastic influence functions for center-crack-
opening displacement under pure bending and
pure tension loads, respectively. The superposi-
tion principle invoked in Eqs. (4) and (5) is valid
due to linear-elastic stress analysis. For plastic J
and d, however, there are several approaches in
introducing the plastic influence functions.

3.1. Approach 1

In the first approach, a dimensionless load fac-
tor l=M/PRm can be used to define a propor-
tionality relationship between tension force, P and
moment, M. Accordingly (Kumar and German,
1988),

Jp=as0o0a
�
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where h1
B+T(u/p, n, Rm/t, l) and h2

B+T(u/p, n,
Rm/t, l) are plastic influence functions for J and
d, respectively, under combined bending and ten-
sion loads,
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The expressions for reference loads

M0, P0, and P %0 in Eqs. (12)–(14) are identical
to those for the corresponding limit loads of a
TWC pipe under pure bending, pure tension, and
combined bending and tension, respectively, if s0

is replaced by the collapse of flow stress of the
material. Note that the GE/EPRI plastic func-
tions h1 and h2 are now also functions of l. This
approach, although theoretically rigorous, is not
very convenient for pipes subjected to a fixed
internal pressure and varying bending moment,
which is the case in nuclear piping for BWR and
PWR systems. Due to the addition of one more
variable (l), the number of variables h1 or h2 is a
function of, increases from three to four. Conse-
quently, the matrix of finite element calculations
for determining these h-functions can become
enormously large. Nevertheless, some limited so-
lutions of h-functions using l were compiled by
Kishida and Zahoor (1988).

3.2. Approach 2

In the second approach, it is proposed that the
plastic h-functions be evaluated for a fixed inter-
nal pressure and increasing bending moment us-
ing procedures similar to those used for tension
and bending alone. For example, the calculated h
values can be determined for an internal pressure
of 15.51 MPa (2250 psi) and 7.24 MPa (1050 psi)
simulating operating conditions at PWR and
BWR plants, respectively. This is the approach
undertaken by the authors to conduct new finite
element calculations of the h-functions in this
paper. In this approach,
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where h1
T(u/p, n, Rm/t) and h2

T(u/p, n, Rm/t) are
plastic influence functions for J and d, respec-
tively, under pure tension, and h1

B+T(u/p, n, Rm/t)
and h2

B+T(u/p, n, Rm/t) are plastic influence func-
tions for J and d, respectively, under bending in
the presence of a fixed tension load. The first term
in the right hand side of Eqs. (15) and (16)
represents plastic contributions of fracture
parameters under tensile load before the applica-
tion of bending moment. By no means, Eqs. (15)
and (16) represent linear superposition, since h1

B+

T and h2
B+T functions always include the effects

of tension under combined bending and tension
loads. Past work of Brust et al. (1995a) involved
calculations of h1

B+T and h2
B+T using Eqs. (15)

and (16), but only the results for the PWR pres-
sure condition (p=15.51 MPa [2250 psi]) were
reported. No similar calculations were done for
the BWR pressure condition (p=7.24 MPa [1050
psi]) or any other pressures. Developing solutions
of h-functions for BWR pressure condition is one
of the motivations of the present study. It should
be noted that h-functions for pure bending prob-
lem (i.e. p=0) have also been developed by Brust
et al. (1995b).

4. Finite element simulation

4.1. Deformation and flow theories of plasticity

In defining the constitutive equations for non-
linear finite element analysis of work-hardening
materials, there are two major plasticity theories
that can be used to calculate the GE/EPRI func-
tions h1

B+T and h2
B+T in Eqs. (15) and (16). The

first type of formulation is the deformation theory
in the form of total stress-strain relationship
(Kachanov, 1974). This theory assumes that the
state of stress determines the state of strain
uniquely as long as the plastic deformation con-
tinues. This is identical to the nonlinear elastic
stress-strain relationship with no unloading and is
valid for loading paths that are only proportional.
The second type of formulation is the incremental
or flow theory in the form of the incremental
stress-strain relationship. This theory relates the
increment of plastic strain components to the

state of stress and the stress increment. It is more
general than the deformation theory and can be
applied for a wide variety of loading conditions
including nonproportional and cyclic loads
(Kachanov, 1974). For a typical monotonic pipe
test under combined bending and tension, the
tensile force is usually held constant due to con-
stant internal pressure, but the bending moment is
gradually increased until the maximum-load car-
rying capacity of the pipe is reached. During the
progression of load increments, the load factor, l,
which is defined as the nondimensionalized ratio
of bending moment and tension, also increases,
thus violating load proportionality, the essential
condition to the validity of deformation theory of
plasticity. However, this nonproportionality
caused by applying tension first, followed by
bending, or vice-versa, has little effect on both the
path independence of J and on the final value of
J at the end of the complete loading. In other
words, for practical purposes, it is not important
whether tension is applied first, followed by bend-
ing, bending followed by tension, or both tension
and bending are applied simultaneously. Sönner-
lind and Kaiser (1986) have shown this by investi-
gating the two-dimensional SENT specimens
subjected to combined bending and tension. The
authors will show this here for the three-dimen-
sional TWC pipe problem involving combined
bending and tension loads.

In addition, the typical values of service pres-
sure in a pipe are 15.51 MPa (2250 psi) for PWR
and 7.24 MPa (1050 psi) for BWR. The pipe
material behavior under these pressure loading
alone is mostly elastic with a small plastic zone
for the crack sizes considered here. Hence, both
deformation and flow theories should be equally
applicable for finite element analysis to determine
the GE/EPRI influence functions.

4.2. Validation of deformation theory

In order to substantiate that the deformation
theory produces adequate results for nonpropor-
tional loading, a verification study was conducted.
As an example, consider a TWC pipe with Rm/t=
10, n=5, and u/p=1/8, which is subjected to
axial tension corresponding to an internal pres-
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Fig. 2. A finite element mesh with Rm/t=10 and u/p=1/8
(1/4 model).

In both analyses, the axial tension due to the
pressure was applied first, followed by the appli-
cation of bending moment. During the applica-
tion of moment, the tension force was held
constant.

As shown in Fig. 2, only one element is used in
the radial direction. A mesh refinement study,
performed by Firmature (1998) and Firmature
and Rahman (1999), showed that the difference in
the values of thickness-averaged J from finite
element analyses based on one-element and two-
element models is B2%. Hence, finite element
meshes with one element through the thickness of
the pipe were used to reduce the computational
effort for all analyses conducted in this study.
Furthermore, a weighted-average of local J-values
calculated at inside (J1), middle (J2), and outside
(J3) crack-tips, which is given by

J=
J1+4J2+J3

6
(17)

was used for all J calculations presented in this
paper. The local variations of J were not explored
in this study.

Fig. 3 shows the results of both analyses pre-
sented in terms of J-integral plots as a function of
applied bending moment. They clearly indicate
that the finite element results by deformation
theory provide accurate estimates of crack driving
force when compared with those obtained from
flow or incremental theory. Fig. 4 shows the
percentage error for various applied moments,

Fig. 3. J-integral calculations by deformation and flow theo-
ries for non-proportional loading.

Fig. 4. Error in J-integral by deformation theory of plasticity
for non-proportional loading.

sure of 15.51 MPa (2250 psi) and bending mo-
ment of increasing magnitudes. It is assumed that
the material’s stress-strain relationship can be rep-
resented by the Ramberg–Osgood equation
defined by Eq. (1). Two finite element analyses
were carried out for this pipe using deformation
and incremental stress-strain formulations. The
computer code used was ABAQUS (ABAQUS,
1996) with twenty-noded, three-dimensional iso-
parametric solid elements. A finite element mesh
for a quarter model of the pipe is shown in Fig. 2.
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Table 1
Matrix of finite element calculations for short through-wall-cracked pipes under combined bending and tension (total of 30 analyses)

Rm/t n u/p Remarks LoadingModel no. Model name

5 2,3,5,7,101 0.0625CASE1A3DTMBWR 5 Runs Tension and bending
2 CASE2A3DTMBWR 10 2,3,5,7,10 0.0625 5 Runs Tension and bending
3 CASE3A3DTMBWR 20 2,3,5,7,10 0.0625 5 Runs Tension and bending

5 2,3,5,7,10 0.1250CASE1B3DTMBWR 5 Runs4 Tension and bending
10 2,3,5,7,10 0.1250 5 Runs Tension and bending5 CASE2B3DTMBWR
20 2,3,5,7,10 0.1250 5 Runs Tension and bendingCASE3B3DTMBWR6

where the error is defined as the ratio of the
difference between J from flow theory and defor-
mation theory to J from flow theory ×100. From
this figure, it appears that the prediction based on
deformation theory is slightly higher than that
based on flow theory. But, the maximum absolute
error is B1%. Hence, the deformation theory was
adequate for use in the rest of the finite element
analyses. This allowed significant savings of com-
putational effort in determining the GE/EPRI
functions and results in a simpler estimation
scheme. In the original GE/EPRI method for
combined bending and tension (Kumar and Ger-
man, 1988), a l factor was defined (i.e. Approach
1). The h-functions were compiled for some lim-
ited values of l. Since the axial tension in a
nuclear piping system is constant and the bending
moment is constantly increased, l changes
throughout the analysis. This makes the GE/
EPRI analysis inconvenient since as l changes
during the moment application phase, the h-func-
tions change, and one must re-interpolate
throughout the tables of h-functions. With the
proposed approach (i.e. Approach 2) in this
study, the h-functions are constant as long as the
pipe geometry, crack size, material properties, and
axial tension remain unchanged. All of the h-
functions calculated and presented in this study
are based on this second approach.

4.3. Finite element model and analysis matrix

Following validation of deformation theory, six
finite element meshes were developed, one for
each case listed in Table 1. They involved pipes
with a constant mean radius, Rm=355.6 mm (14
inches) and a variable thickness, t=71.12 mm

(2.8 inches), 35.56 mm (1.4 inches), and 17.78 mm
(0.7 inch) to model three pipes with Rm/t=5, 10,
and 20, respectively. For each of these three pipes,
crack sizes with u/p=1/16 and 1/8 (i.e. small
cracks) were considered. A typical finite element
mesh with Rm/t=10 and u/p=1/8 is illustrated
in Fig. 2. A quarter model was used to take
advantage of symmetry. Twenty-noded isopara-
metric brick elements were used with focused
elements at the crack tip. In the crack-tip region,
a ring of 12 wedge-shaped elements was used.
These wedge-shaped elements were constructed by
collapsing the appropriate nodes of twenty-noded
solid elements to produce 1/r strain singularity.
Although, this type of singularity is strictly valid
for a fully plastic crack-tip field of non-hardening
materials (n��), it is practically adequate for
work-hardening materials with sufficiently refined
crack-tip mesh. For the material properties, the
following values were used: E=207 GPa (30,000
ksi), n=0.4, and s0=344.8 MPa (50 ksi), a=1.
These values, in addition to the values of n=
2,3,5,7,9, should provide complete characteriza-
tion of the pipe material properties according to
Eq. (1). The applied bending moment varied ac-
cording to the pipe and crack geometry studied.
However, in all cases the applied moment was
large enough so that the influence functions re-
main invariant with respect to further loading.
Only one element through the pipe wall was used,
and, as such, the tabulated results should be
considered as average values through the pipe
wall (see Eq. (17)).

The finite element analysis for each case was
performed in two load steps. In the first step, an
axial tension force corresponding to pipe internal
pressure was applied to the end of the pipe. The
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second step consists of increasing bending load
until fully plastic conditions were met. The defor-
mation theory of plasticity algorithm was used in
both load steps. A reduced 2×2 Gaussian
quadrature rule was used for numerical integra-
tion. All analyses were performed using the com-
mercial finite element code ABAQUS (1996).

5. Results and discussions

5.1. Effects of axial tension

Tables 2–4 show the h1- and h2-functions for
pipes that are subjected to combined bending and
tension due to an internal pressure of p=7.24

MPa (1050 psi) for Rm/t=5, 10, and 20, respec-
tively. They were calculated for small cracks, e.g.
u/p=1/16 and 1/8, and several values of material
hardening constant, e.g. n=2, 3, 5, 7, and 10. To
evaluate the effects of tension on J and COD,
these functions evaluated for p=15.51 MPa (2250
psi) and p=0 MPa (0 psi) [i.e. pure bending] from
past studies (Brust et al., 1995a; Rahman et al.,
1995a) are also presented in Tables 5–10.

Fig. 5 shows the effects of tension on h1 as a
function of n for several values of u/p and Rm/t.
The values of h1 and hence J increase with pres-
sure (p) regardless of n. The effect of pressure
appears to be significant for thin-walled pipes and
is clearly shown in the results for Rm/t=20. This
is, however, expected since the longitudinal tensile

Table 2
Tabulation of h-functions for short through-wall-cracked pipes under combined bending and tensiona

n=5n=3n=2 n=10FunctionCrack size n=7

5.8935.279h1u/p=1/16 5.606 5.2885.897
h2 6.0996.744 7.008 7.079 6.908

2.739h1 4.677 4.578 4.126 3.654u/p=1/8
5.1045.8236.046 3.240h2 4.419

a For Rm/t=5 (p=7.24 MPa [1050 psi]).

Table 3
Tabulation of h-functions for short through-wall-cracked pipes under combined bending and tensiona

Function n=2 n=3Crack size n=5 n=7 n=10

7.3056.9366.208 6.8705.740h1u/p=1/16
h2 6.818 7.281 7.879 8.172 7.577

u/p=1/8 h1 5.858 5.916 5.744 5.118 4.578
h2 6.735 6.752 6.415 5.641 4.944

a For Rm/t=10 (p=7.24 MPa [1050 psi]).

Table 4
Tabulation of h-functions for short through-wall-cracked pipes under combined bending and tensiona

Function n=2Crack size n=3 n=5 n=7 n=10

7.170u/p=1/16 6.481h1 10.32110.1628.999
h2 7.362 8.020 9.731 10.844 10.955

8.1039.3328.9888.5648.297h1u/p=1/8
h2 8.160 8.443 9.019 9.126 7.982

a For Rm/t=20 (p=7.24 MPa [1050 psi]).
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Table 5
Tabulation of h-functions for short through-wall-cracked pipes combined bending and tensiona

n=2 n=3 n=5Function n=7Crack size n=10

5.408 5.725 6.060 5.967u/p=1/16 5.341h1

6.851 7.115 7.232h2 6.979 6.153

4.837 4.682u/p=1/8 4.338h1 3.996 3.064
6.182 5.918 5.312h2 4.766 3.580

a For Rm/t=5 (p=15.51 MPa [2250 psi]).

Table 6
Tabulation of h-functions for short through-wall-cracked pipes under combined bending and tensiona

n=2 n=3 n=5 n=7 n=10Crack size Function

5.929 6.409u/p=1/16 7.157h1 8.052 8.312
6.973 7.460 8.108 8.923h2 9.009

6.051 6.066u/p=1/8 6.206h1 5.618 6.294
6.888 6.868h2 6.844 6.181 6.578

a For Rm/t=10 (p=15.51 MPa [2250 psi]).

Table 7
Tabulation of h-functions for short through-wall-cracked pipes under combined bending and tensiona

Crack size Function n=2 n=3 n=5 n=7 n=10

6.734 7.484u/p=1/16 10.251h1 13.544 15.243
h2 7.561 8.292 10.924 14.078 15.813

8.621 8.917 10.846 13.282 13.836u/p=1/8 h1

8.375 8.705 10.383 12.479 13.051h2

a For Rm/t=20 (p=15.51 MPa [2250 psi]).

Table 8
Tabulation of h-functions for short through-wall-cracked pipes under pure bendinga

n=2 n=3 n=5Crack size n=7Function n=10

h1u/p=1/16 5.202 5.451 5.766 5.681 5.263
6.686 6.896 7.003h2 6.715 6.087

u/p=1/8 h1 4.575 4.484 3.976 3.372 2.464
5.972 5.820 4.999 4.164h2 2.959

a For Rm/t=5 (p=0 MPa [0 psi]).

stress is inversely proportional to the pipe wall
thickness for a given internal pressure.

Fig. 6 shows the similar evaluation of the ef-
fects of tension on h2 and hence COD. The values
of h2 are slightly higher than those of h1. As

before, the effects of tension are more significant
for larger Rm/t. Note that in these calculations,
only the tension force due to the pipe pressure
was included. No hoop stresses were modeled to
be consistent with the past GE/EPRI solutions



J. Foxen, S. Rahman / Nuclear Engineering and Design 197 (2000) 75–8784

(Brust et al., 1995a; Rahman et al., 1995a; Kumar
and German, 1988).

5.2. Effects of hoop stress

In order to evaluate the effects of hoop stresses
in a pipe, limited finite-element analyses were also
conducted. The analyses were performed for a
short crack using Model 2 (CASE2A3DTMBWR)
in Table 1 with Rm/t=10, u/p=1/16, and n=2,
5, 7, and 10. The effect of pressure was simulated
by simultaneous applications of axial tension and
internal pressure applied to all inside pipe ele-
ments. As a first step, only the pressure loading
was considered without any bending moments.

Fig. 7 shows the ratio of the J-integral under
combined tensile and hoop stresses (JT+H) to the
J-integral under axial tensile stress (JT) as a func-
tion of internal pressure (p) for several values of
n. The presence of hoop stress increases J and its
effects on J also increases with the magnitude of
pipe pressure as expected. However, this increase
is insignificant for low-hardening materials (i.e.
materials with larger n values). For example, the
largest and smallest increases of J due to hoop
stress are about 15% when n=2 and 4% when
n=10, both when p=15.51 MPa (2250 psi). This

can be explained by the fact that when n is large,
the plastic deformation around the crack-tip for
such a small crack is small even when p=15.51
MPa (2250 psi). Hence, the plastic contribution of
J is very small. This can also be seen from the first
term in the right hand side of Eq. (15) that
indicates that Jp under pure tension decreases
with n when PBP0, which is the case for the
magnitudes of pipe pressure used in these analy-
ses. Except for n=2 (high-hardening materials),
Fig. 7 shows the effects of hoop stresses mostly on
the elastic part of J and they are insignificant.
Had the analyses been continued for higher pipe
pressures or larger cracks to produce significant
plastic deformation, JT+H/JT in Fig. 7 would
have been much higher and the plots would have
shown opposite trend for n when P\P0. They
were not explored in this study.

Fig. 8 shows the similar plots of the ratio of the
COD under combined tensile and hoop stresses
(dT+H) to the COD under axial tensile stress (dT)
as a function of pressure (p) for several values of
n. As before, the presence of hoop stresses in-
creases COD only for large magnitudes of pres-
sure and small values of n. When p=15.51 MPa
(2250 psi) and n=2, the increase in COD is
:13%. Similar to J, the effects of COD would

Table 9
Tabulation of h-functions for short through-wall-cracked pipes under pure bendinga

n=7n=5 n=10n=3n=2FunctionCrack size

6.784 6.749u/p=1/16 h1 5.588 6.225 6.761
h2 6.701 7.422 7.739 7.632 7.527

5.7915.694 3.823h1 4.790u/p=1/8 5.512
6.619 6.654 6.319h2 5.329 4.221

a For Rm/t=10 (p=0 MPa [0 psi]).

Table 10
Tabulation of h-functions for short through-wall-cracked pipes under pure bendinga

n=10Function n=2 n=3 n=5 n=7Crack size

8.7568.0227.044 8.8156.272h1u/p=1/16
h2 8.8127.155 7.073 8.050 8.787

h1 6.524u/p=1/8 7.7488.2818.4488.019
5.8907.1607.4917.4987.934h2

a For Rm/t=20 (p=0 MPa [0 psi]).
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Fig. 5. Effects of pressure-induced axial tension on h1 for small
cracks.

and crack-opening displacement for small cracks
in pipes under combined bending and tension
loads. First, the finite element results using the
deformation theory of plasticity were validated
against the results from the incremental theory of
plasticity. Second, the finite element results were
compiled as plastic influence functions for J and
COD in the spirit of GE/EPRI estimation

Fig. 6. Effects of pressure-induced axial tension on h2 for small
cracks.

have been much higher for larger cracks or much
higher pipe pressures.

6. Summary and conclusions

Elastic-plastic finite element analyses were per-
formed to generate new solutions of J-integral
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Fig. 7. Effects of hoop stress on J-integral for small cracks
under pure pressure.

radius-to-thickness ratio of the pipe. In partic-
ular, the axial tension can significantly increase
both h1 and h2 for thin-walled pipe, because the
tension load is inversely proportional to the
pipe thickness.

� The presence of circumferential hoop stresses
in a TWC pipe increases both J-integral and
COD under pure pressure loading. In general,
the effect of hoop stresses increases with the
pipe pressure, but it is largely insignificant,
except for high-hardening pipe materials with
smaller values of n. This is mainly because of
the small plastic-zone size for short cracks and
pressure magnitudes considered in the analyses.
However, for small values of n, when the plas-
tic contribution of fracture parameters is not
negligible, the hoop stresses may have moder-
ate effects on J and COD. For a pipe with
Rm/t=10, u/p=1/16, and n=2, J and COD
increased by 15 and 13%, respectively, under a
pressure of 15.51 MPa (2250 psi), when the
hoop stresses are included in the analyses.
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